UNIT 3
Limits and continuity

A LIMIT is defined as a number approached by the function as an independent function’s variable approaches a
particular value. For instance, for a function f(x) = 4x, you can say that “The limit of f(x) as x approaches 2 is 8”. To be
symbolic, it is written As;

limx—2(4x)=4x2=8
CONTINUITY is another widespread topic in calculus. The easy method to test for the continuity of a function is to
examine whether the graph of a function can be traced by a pen without lifting the pen from the paper. When you are
doing with precalculus and calculus, a conceptual definition is almost sufficient but for higher level, a technical
definition is required. You can learn a better and precise way of defining continuity by using limits.
Continuity Definition
A function is said to be continuous at a particular point if the following three conditions are satisfied.

1. f(a)is defined

2. limx—af(x) exists
3. limx—a+f(x) = limx—a—f(x) = f(a)

A function is said to be continuous if you can trace its graph without lifting the pen from the paper. But a function is
said to be discontinuous when it has any gap in between. Let us see the types discontinuities.
Types of Discontinuity

There are basically two types of discontinuity:

e Infinite Discontinuity
e Jump Discontinuity

Infinite Discontinuity

A branch of discontinuity wherein, a vertical asymptote is present at x = a and f(a) is not defined. This is also called
as Asymptotic Discontinuities. If a function has values on both sides of an asymptote, then it cannot be connected, so
it is discontinuous at the asymptote.

Jump Discontinuity

A branch of discontinuity wherein limx—a+f(x)#limx—a—f(x), but both the limits are finite. This is also called simple
discontinuity or continuities of first kind.

Positive Discontinuity

A branch of discontinuity wherein a function has a pre-defined two-sided limit at x=a, but either f(x) is undefined

at a or its value is not equal to the limit at a.

Limit Definition

A limit of a function is a number that a function reaches as the independent variable of the function reaches a given

value. The value (say a) to which the function f(x) gets close arbitrarily as the value of the independent variable x
becomes close arbitrarily to a given value a symbolized as f(x) = A.

Points to remember:

e [f limxa- f(X) is the expected value of f at x = a given the values of ‘' near x to the left of a. This value is
known as left-hand limit of ‘f’ at a.

e If limxa+ f(X) is the expected value of f at x = a given the values of ‘f near x to the right of a. This value is
known as the right-hand limit of f(x) at a.



e [f the right-hand and left-hand limits coincide, we say the common value as the limit of f(x) at x = a and
denote it by limx—a f(x).

One-Sided Limit

The limit that is based completely on the values of a function taken at x -value that is slightly greater or less than a
particular value. A two-sided limit limx—af(x) takes the values of x into account that are both larger than and smaller
than a. A one-sided limit from the left limx—a—f(x) or from the right limx—a—f(x) takes only values of x smaller or
greater than a respectively.

Properties of Limit

e The limit of a function is represented as f(x) reaches L as x tends to limit a, such that; limx-af(x) = L

e  The limit of the sum of two functions is equal to the sum of their limits, such that: limx—a [f(X) + g(X)]
= limx—a f(x) + limx-a g(x)

e The limit of any constant function is a constant term, such that, limx-aC =C

e The limit of product of the constant and function is equal to the product of constant and the limit of the
function, such that: limx—am f(x) = m limx—a f(x)

e Quotient Rule: limx-a[f(x)/g(x)] = limx-af(x)/limx—ag(x); if limx-ag(x) # 0

Derivative
The rate of change of a quantity y with respect to another quantity x is called the derivative or differential coefficient of y with
respect to X .

Differentiation of a Function
Let f(x) is a function differentiable in an interval [a, b]. That is, at every point of the interval, the derivative of the function exists
finitely and is unique. Hence, we may define a new function g: [a, b] — R, such that, V x € [a, b], g(x) = f'(x).

This new function is said to be differentiation (differential coefficient) of the function f(x) with respect to x and it is denoted by
df(x) / d(x) or Df(x) or f'(x).

; d _ iy [x+80) - f(x)
f (x)=a f(x)= é}rlTﬂ .

Differentiation ‘from First Principle
Let f(x) is a function finitely differentiable at every point on the real number line. Then, its derivative is given by

’ d — i &A ﬂ:— f,(x_)
fr(0)= g 1= Jim E
Standard Differentiations

1.d/dx)(x")=nx""1,xeR,neR
2.d/d(x) (k) =0, where k is constant.

3.d/d(x) (e¥) = ¢
4.d/d(x) (@) =a*logea>0,a#1



10.

11.

12.

d =1 -
. d—x(losa x)-x(losa e)

: ;;(log,x)=%,x>0

1
xlog, a

. % (sinx) = cosx

d

. —(cosx)=-sinx

dx

; i(tamc):seczac,xae(zn+1)£,rusI
dx 2

%(ootx)=—oosec2x,x¢nn,nel

%(secx)=secx,tanx,x¢(2n +1)%, nel

d
E(oosecx)=-eosecxcotx,x¢ nm,nel

13. %(sin“x)= lixz —l<acl
14. %(oos“x):- li,;'f—l(“l
d a1 1
15, — (ta =
dx( 2% 14 x°
d ” 1
16. —(cot™ x)=-
dx( ) 1+%°
17. i(sec‘lac)= . lx|>1
dx lxl;ixz—l
d 3 1
18, ——(cosec™'x) = - Jxl>1
dx le;}xz'—l
19. %(sinh %)= cosh z
20. i(cosh:c)=sinh.14:
dx
21, —d—(tanh x) = sech’x

dx



22. 4 (coth x) = — cosech?x
dx

23. % (sech x) = - sech x tanh x

24. i (cosech x) = — cosech x coth x
25. %(sinh" ©)=1/J(1+ 9

26. % (cosh™ x)=1/ J/x% - 1)

27. % (tanh™ x)= 1/ (x% - 1)

28. de—(coth’l w2
29. ‘-i‘i’; (sech™x) = — 1/ x/(1 - 2?)
30. dix (cosech™'x)=-1/ xf(1 + x?)

Fundamental Rules for Differentiation
. d d ;
(1) — {c¢f(x)} = — - f(x), where ¢ is a constant.
dx dx
i) Lifmtemi=2 ot Legm  (sumanddifference rule)
dx dx dx :
(i) L (00 g0} = ) L o) + g0 i) (product rule)
dx dx dx
Generalization If u,, u,, u,,..., u, be a function of x, then

% (1, Ug Uz ... U, )= ( ] freguy .. Uy ]
d
iz ( uz) (teg ..oty ]+ uqtay (%:—)

[egus. .., ) + o+ [wguey . ou, ) [du”]
dx

(quotient rule)

v 2 {f(x)} g(x) f(x) f(x) 8(x)
dx | g(x) {a(x)?)

(v) if d/ d(x) f(x) = ¢(x), then d / d(x) f(ax + b) = a g(ax + b)

(vi) Differentiation of a constant function is zero i.e., d / d(x) (c) = 0.



Different Types of Differentiable Function

1. Differentiation of Composite Function (Chain Rule)
If f and g are differentiable functions in their domain, then fog is also differentiable and

(fog)” (%) =f {g(x)} g" (x)

More easily, if y = f(u) and u = g(x), then dy / dx = dy / du * du / dx.

If y is a function of u, u is a function of v and v is a function of x. Then,
dy /dx=dy/du*du/dv™*>dv/dx.

2. Differentiation Using Substitution
In order to find differential coefficients of complicated expression involving inverse trigonometric functions some substitutions
are very helpful, which are listed below .

S. No. Function Substitution

M| Ja2? - 2 X =asing or acos®

(i) J",z 22 x =3 tan® or acot®
(iii)iv"xi‘_é?_ X = 3secH or acoseco
(W) [Ja+x and Ja-x X = acos 20

(v) | asinx + bcos x a=rcose b=rsina

i) | Jx —a and JB = x x=asif 8+ Pcos’ O
(vi) | v’a—- 2 l x=3a(-cos@)

3. Differentiation of Implicit Functions
If f(x, y) = 0, differentiate with respect to x and collect the terms containing dy / dx at one side and find dy / dx.

Shortcut for Implicit Functions For Implicit function, put d /dx {f(x, y)} = — of / 0x / 0f / 0y, where 0f / Ox is a partial differential
of given function with respect to x and of / dy means Partial differential of given function with respect to y.

4, Differentiation of Parametric Functions
If x = f(t), y = g(t), where t is parameter, then

dy/dx =(dy/dt)/(dx /dty=d/dtg(t) /d/dtf(t) =g’ () / £ (1)

5. Differential Coefficient Using Inverse Trigonometrical Substitutions



() 2sin~' x=sin"" (2xV1 - ¥?)

(ii) 2c08™' x=cos ! (2x* — 1)or cos™ (1 - 2¢?)

: _,( 2x )
sin
14 x*

2
(i) 2tan™' x= {tan™’ (——2’: : ol ]

-1 [1 = xz]
cos 2
_ l1+x
(iv) 3sin”' x=sin™' (3x - 42")
(v) 8cos ™' x=cos' (4¢ - 3x)

&5’;]
1- 3x*

(vi) 3tan”' x = tan™ [

(vii) cos ' x+sin ' x=n/2
(viii) tan'x + cot ' x = n/2

(ix) sec™ x +coseclx=n/2

(x) sin'x+sint y= sin"‘[x;jl -y 1= x2J

(xi) cos x+ cos™! y=cos™! [xy ¥ \/(1 -2 - yz)J

(xii) tan™! x + tan™! y=tan™ xty
1¥xy

Logarithmic Differentiation Function

(i) If a function is the product and quotient of functions such as y = f1(x) f2(x) f3(x)... / g1(x) g2(X) ga(x)... , we first take
algorithm and then differentiate.

(i) If a function is in the form of exponent of a function over another function such as [f(x)]9* , we first take logarithm and then
differentiate.

Differentiation of a Function with Respect to Another Function
Lety = f(x) and z = g(x), then the differentiation of y with respect to z is

dy/dz=dy/dx/dz/dx=1f (x)/g" (x)

Successive Differentiations

If the function y = f(x) be differentiated with respect to x, then the result dy / dx or f* (x), so obtained is a function of X (may be a
constant).

Hence, dy / dx can again be differentiated with respect of x.

The differential coefficient of dy / dx with respect to x is written as d /dx (dy / dx) = d?y / dx? or > (x). Again, the differential
coefficient of d?y / dx? with respect to x is written as

d/dx (d?y / dx?) = d3y / dx3 or £(x)......

Here, dy / dx, d?y / dx?, d3 / dx3,... are respectively known as first, second, third, ... order differential coefficients of y with
respect to x. These alternatively denoted by f* (x), £ (x), £’ (x), ... or y1, Y2, Ys...., respectively.




Note dy / dx = (dy / d0) / (dx / d6) but d2y / dx? # (d2y / d6?) / (d?x / d6?)
nth Derivative of Some Functions
S . (n=x
(1) Ex—_[sm(ax+ b)] = a" sin ry +ax+ b)

:x" [coe(ax+b)]=a"eos(%+ax+ b)

(1)

i) 2 e m! m=n
(111) dx"(ax+b) (m n)'a "(ax + b)
) - & llog(ax+b)]—( 1" '(n - 1)'a"
(ax+ b)"
") =a"e™

(vi) d—,,(a‘) = a*(loga)"
dx

n

.. d
(vii) (a) 2

[e™ sin(bx + ¢)] =r"e™ sm(bx+c+n¢)

n

d
(b) P

where, r = \f a’>+b®and ¢ = tan"(é]
a

Derivatives of Special Types of Functions

[e™ cos(bx + )] =r"e™ cos(bx + ¢ + no)

i) If y = f()F ™ th dy _ ¥2f (x)
e N ax " T ylog /()
(i) If e — ¢ 8 = 9f(x), then & dy f'(x) 1

A £O) J1+{ [’

i) Hy= 118D gon®_ &£  (1-g
1-gx)  dx  [1- g 1+g(x)

(v) Hy= \{f(x)+Jf(x)+Jf(x)+ then = 2’;(1‘)1

) If{ ,(x)}s(y) = of(x) - 8(y) . then & dy _ f’ (x)log f(x)
dx g (y){1+ log f(x)}?
(vi) If{ f(x)}* ={ g(»}/®, then
dy _g(y) f'() [f(x) log &(y) - g(y)]
dx  f(x) g'(y)| g(y)logf(x)- f(x)

QUESTION BANK OF LIMIT AND DIFFERENTIATION

limx+3
1. Evaluate the Given limit: ***



Solution:

Given

limx+3

x—=3
Substituting x = 3, we get
=3+3

=6

llm[x——]
. R 7
2. Evaluate the Given limit:

Solution:

Given limit:

. [ 22]
lim| x ——
N 7

Substituting x = 11, we get

. [ 22]
lim x——
o T)om-2217)

limm
3. Evaluate the Given limit: "*!

Solution:

limm -
Given limit; "*!

Substituting r = 1, we get

limm #*
r—+l :'IT('I)Z

=1
. Ax+3
lim

4. Evaluate the Given limit: *** ¥—2

Solution:

Given limit:
. dx+3
lim

vpd .T—E
Substituting x = 4, we get
. dx+3
lim
=2 Zp@y+3)/(4-2)
=(16+3)/2
=19/2




At 1

lim
5. Evaluate the Given limit: * ' x—1
Solution:
Given limit:
1] 5

I e |

lim ———

| x_]
Substituting x = -1, we get

A et
lim ————
L | x_]
=[P+ (-1)°+1]/(-1-1)
=1-1+1)/-2
=-1/2
5
o x+1) =1
fim 1) 1
6. Evaluate the Given limit: " x
Solution:
Given limit:
5
Colx+1) =1
lim ) 71
=il x
=[(0+1)°>-1]/0
=0
Since, this limit is undefined
Substitute x + 1 =y, thenx =y -1
5
. -1
lim &2
y—1 y—1

lim &%
= y—=1 ¥-1
We know that,

Kn' —El.n

lim
x=a X3 _ gonl
Hence,

5_45
Jim 2"
y—=1 y-1
=5(1)*
=35



7. Evaluate the Given limit: *** X —4

Solution:

By evaluating the limit at x =2, we get

. 3x?—x—-10
lim————

x=2 ¥*=4 =302 _x_10]/4—4
=0
Now, by factorising numerator, we get

. 3x%—x-10 Z_ Eg
11I11 - liI'ﬂ Ix“—6x+5x—10
x—=2 X4 _ o x2 22
We know that,

a2 —bl=(a—b)(a+b)
. (w=2)(3x+5)
— }.;1_1}% (x—2)x+2)

lim (3x+5)
_ x—2 (x+2)

By substituting x = 2, we get,
=[3(2)+5]/(2+2)
=11/4

) x* =81
lim

8. Evaluate the Given limit: *** 2X" —3x—3

Solution:



First substitute x = 3 in the given limit, we get
_ (3)* — 81

lim 5

T3 2(3) =5 x 3 —3

=(81—81)/(18—18)

=0/0
Since the limit is of the form 0/ 0, we need to factorise the numerator and denominator
2 2 i .
lim (z Nz” + 9) (x — 3)z + 3) 2% + 9)

r—=+3 222 —6x + 1 — 3 23-15—1113 2z + 1)z — 3)

4 : + 3)(a? + 9
lim r_— 3l lim, &+ 3 +9)
r—3 222 —5p —3 T3 (2x 4+ 1)

Now substituting x = 3, we get
(3 4+ 3)(3% + 9)
_ (2x3 + 1)

=108/7
Hence,

'I_i
rt — 8l
lim

Tr—3 Q;fﬁg —Hr—3
=108/7

I ax+b
m
9. Evaluate the Given limit: **" ¢x+1

Solution:

. oax+h
lim
=0 oy 4]

=[a(@)+b]/c(0)+1

=b/1

=b

I
|
I

=zt —]

lim

2
10. Evaluate the Given limit:

Solution:



1

. z3—1
11111 —

T

= =(1-1)/(1-1)

=0
Let the value of z! ' be x
(z!/ 62 = x2
Z1/3 = x2

Now, substituting z! '3 = x? we get

¥t -1 x*—1%

lim =
w—1 X—1 x—1
We know that,
. xl—gh
lim
3 X—a
Xx—a :nall—].
. x*-1%
lim
x—=1 X—
=2
. axt+bhx+c
lim 5
11. Evaluate the Given limit: **' ¢x” +bx+a
Solution:
Given limit:
. axt+bx+c
lim — Ja+bh+e =0

el oy +hy+a

Substituting x = 1

lim a:rf +hr+¢

=l ex” +bhx +a
=[a(1)?+b(1)+c]/[c(1)?>+b(1)+a]
=(a+tb+c)/(a+b+c)

Given

[f.r+h+{:;tﬂ]

=1
(.
+

lim £ 2
- -
12. Evaluate the Given limit: = X+2

Solution:

Ja+b+e =0



By substituting x = — 2, we get

1 1
I
lim %=
x——2 X+2 Zﬂfﬂ
Now,
1,10 =
lim &= —=x
N——2X+2 — x+2
=1/2x
=1/ 2(-2}
== J. .-'II -4
I SN aQx
m
13. Evaluate the Given limit: **¢ &
Solution:
. sinax
lim

Given " bx
Formula used here

lim
z—0 BH;I =1

By applying the limits in the given expression

. sinax 0
lim =-
x—0 bx 0

By multiplying and dividing by ‘a’ in the given expression, we get

lim S11 . w &
r—0 bxr a
We get,

lim sin_ax a
xr — () a.r b
We know that,

lim 22 = 1

x—=0 X
a sinax a
—lim =-—x1

_ bax—0 ax b

=a/b



. slnax
lim———.a.b=0

=0 g4
14. Evaluate the given limit: sin bx

Solution:

. sinax
lim = -
x—J S1n }."= ﬂ_u'll [}

By multiplying ax and bx in numerator and denominator, we get
sinax

lim
x—ni]S]

sin ax ><

im =

x—0 5in bx

ax
nbx
ox =bx
Now, we get
sinax
5 lim
& ax—p ax
., BINDbX
b lim
bx—o DX

We know that,

: sinx

lim =1
x—=0 X
Hence.a/b = 1
=a/b

15. Evaluate the given limit:

.osm(m—X)
lim——=
=T m(m—X)

Solution:



.osin(m—x)
lim——
=7 (M —X)

. sin{m—x . sin{m—x 1
11111¥ lim sin(m—x) 1
x—m T(M—X) m—x—0 (m—x) i1
1 .. sin{m—x
= lim sin(m—x)

_ Ma—x—0 (m—x)

We know that

sin(m—x) _ 1 % 1

(m—x) m

16. Evaluate the given limit:

COsX

lin}
0 —x

Solution:

COSX cosd

lim =
x— M—X m—0

=1/mn
17. Evaluate the given limit:

.ocos2x—1
lim——
=0 cosx —1

Solution:



. cos2x -1
lim———— =
x—=0 cosx—1

(=R =1

Hence,

. cos2x—1 ) 1—2sin®x—1
lim——— =lim————=—
x—(0 cosx—1 ®—0 1—2511125—1

(cos 2x=1—2 sin’x)

- sinZxx x2

. sinx e
lim—= =lim—&—+
x—0 sin®=  xp ginzX¥.ES
2 S

e
ey

. z
. (sin®x
lim
x—=0' x2

2 2
sin
liln(—zx ]

K0 .:E;.Z

We know that,

=4

sinx

lim =1
x—rﬂ X
=4x1%/1?
=4
18. Evaluate the given limit:
. dX +-XCO5X
lim

=0 bsinx

Solution:



AX+XCOSX 0

lim——— = -
x—0) bsinx 0
Hence,
. AX+XCOSX 1., x{a+cosx
Jim———=-1 Q
x—0 bsinx bx—0 sinx
1,. .
=limx lim(a + cosx)
bx—0 =x—0

1 1 \
— X —meX lim(a + cosx)
b 21{1'1%T x—0

We know that,

sinx

lim =1

x—=0 X

%x (a+cos0)

={a+1)/b
19. Evaluate the given limit:

limxsecx

x—0
Solution:
. . X
limxsecx = lim
x—=0 w—[ COSX

\ o
lim ==
x—0pcos0
=0
20. Evaluate the given limit:
sin ax + bx

lim———a.b.a+b=0
=0 ax +smbx

Solution:



. sinax+bx 0
lim—————= -
x—=0 ax+sinbx 0

Hence,

. ax
. sinax+bx ) {,Slnﬁ}ax+bx
lim ——— = lim .
x—0ax+sinbx  x=o0 HKH_Sinﬁ}

. ., ax . .
( lim sln—)th ax+lim bx
aAx—=0 axS -0 K—

. . - . DX
lim ax+lim bxx{ lim sin—
X—=0 X—0 bx—0 bx

We know that,

. sinx
lim =1
¥x—=0 X

limax+1lim bx
K—0 K0

limax+1lim bx
X—=0D X—=D

We get,

lim{ax+hx)
E=(

}1!c1_1'1:.}{_a)c+bx}

=1
21. Evaluate the given limit:

lim(cosecx — cotx)

. i
K—d

Solution:



lim (cosec © — cot )
r— 0

Applying the formulas for cosec x and cot x, we get

COS T
cosec T = il and cot r = —/———
sSin xr Sin X
lim (cosec z — cot ) = lim ( 1 _ cos o
T — U r =) 81N =T SIn x
lim (cosecx — cot ) = lim 1 — cosg
T — () T — () SIn x
Now, by applying the formula we get,
1 — cosz = 2sin?= gnd sin £ = 2 sin = cos =
2 2 2
2 Siﬂz%
lim (cosec © — cot z) = lim —
r— r—0 2 gin=cos—
2 2
lim (cosecx — cot ) = lim tan=
T — () T — () 2
=0
22. Evaluate the given limit:
. tan2x
lim
o T
T X —

-

Solution:



11 tanZx . ]
,__.ﬂ x—— 0
£ 2 z

Letx—(n/2)=y

TllEll, X— !:‘I'[fZ]l =Y— 0

Now, we get

. tan{Zyv+m
li BRey+m)
y=0 ¥

. tan(2
= y=0 ¥

We know that,
tanx=sinx/cos X

sin 2y
_ y—0D¥ycosly

By multiplying and dividing by 2, we get

lim gin E‘.}rx 2
_}r—m 2y cos2y

. sin2y .
=lim — xlim
2y—=0 2y y—0 cOs2y

=1%2/cos0
=1x2/1
=2

23.

Find Imf(x)and Lmf(x), where f(x)=-

{:x—3x50

[3(x+Dx >0

LY



Solution:

2x+3x=0
Given functionis f(x) =
3(x+Dx =0
3 09

li%l_ f{x) = 111%{2}; + 3)

=2(0)+ 3
=0+3
=3

lim, 160 = Hm3Ge+ 1),

=3(0 + 1)

=3(1)
=3

lim f(x) = lim f(x) = limf(x) =3
HEHGE, x—=0 x—=0 x—0



lim f(x):
Now, for *~1

111111_ f(x) = 111113(:{-1— 1)

=3(1+1)
=3(2)
=6

iljtllJr f(x) = Ll_IHS[X-I— 1)

=3(1+1)
=3(2)

=6

i 10 = i, () = () = 6

Hence, ©

liu& f(x)=3 Ll_lﬂ f(x)=6

and
24. Find
lim £(x)
e , where
xP-1x=
ﬂX)—I ,

Solution:



Given function is:

[ x*-1x=1
f(x)=4 |

]\—x-—lx =1
Liﬂf[:{);

lim f(x) = limx®—1
x—1" x—1

}15111_ f(x) = llj]lyr f(x)

lim f(x)
Hence, *~1 does not exist

25. Evaluate
lim f(x)
x , where f(x) =

1=l

—, x+0
X

X
0,x=0

Solution:



%, Xx*0
X
Given function is f(x) = 0, x=0
We know that,
. lim f(z)= lim f(x)
lim f(x AL
"J"_mf( )QELSI&DM? when v r—a’
lim f(x)= lim f(x)
=) =0

Now, we need to prove that: -
We know,

X =xifx>=-xifx<0
Hence,

: =l
lim f(x) = lim —
x—0" ¥—=0" X

lim— = lim(—1)

— X—=0 X x—=0
=-1

. N
lim f(x)= lim —
x—07 [: ) x—0T x

lim= = lim(1)

— x—0X x—=0
=1
We find here,

leEnl- f(x) # KILIE}Jr f(x)



lim f(x)
Hence, =0 does not exist.

26. Find

lim f(x)

, where f (x) =

Solution:

Given function is:

=0

X Z

fix)T X _
0.

e

lim f(x):

x—=0

1111 f(x) = 1111 ﬁ

. X \ 1
lim— = lim—
— ¥x—=0—X x—=0 —

=1

1111 f(x) = 1111 ﬁ



lim= = lim(1)

— x—=0X x—0

=1

We find here,

:}HE}- f(x) = KIHE.L f(x)
lim f(x)

Hence, ¥~0 does not exist.

27. Find

lim £(x)

=3
, Where

f(x)=[x|-35
Solution:

Given function is:

flx)=|x|—5

lim f(x):

X—=2

lim f(x) = lim [x|-5

X—=2 X—=o

lim(x—5)=5-5

— X—5
=0

lim f(x) = lim |x|—5
x—57 -5

lim(x — 5)

— X—5



I
Lh
I
h

=0
lim f(x) = lim, f(x) =
Hence, *—> x—=5
28. Suppose
{a +bx.x <1
f(X) — 4 4 :1

‘xb—axx:-l

1_i21f(x)=f(1]

and if

Solution:

Given function is:

a+bx,x<1
flx)=<44,x=1

b-ax,x>1

and

lin} f(x) = (1)

lim f(x) = lima+ bx
x—=1" x—=1

=a+b(l)

=a+b

lﬂh f(x) = limb— ax

x—=1
=b-a(l)
=b-a

limf(x) =0

what are possible values of aand b



Here,

£(1)=4

lim f(x) = lim, f(x) = limf(x) = (1)
HEHCE, x—=1 x—=1 x—1

Then,a+b=4andb—a=4
By solving the above two equations, we get,
a=0andb=4

Therefore, the possible values of a and b is 0 and 4 respectively

29. Let at, a2,......... an be fixed real numbers and define a function
f(X)=(x=al) (x —a2) ....... (x —an).
What is

limf(x)?

E—ay

lim f(x)

KX—

For some a # a1, a2, ....... an, compute

Solution:



Given function is:

fx) =(x-a1) (x-az) ... (x - ay)

lim f(x)-

xX—a,

EHEL f(x) = \12131 [[:X - 3—1:“::{_ 3—2.) (X~ an:]:[

im{x —a,)] |[lim{x— azjl [[lim[x— an)]

We get,

(a1-a1) (a1 -az) ... (a1 -an) =0

lim f(x) =0

Hence,

lim f(x):

X—a

lim f(x) =lim[(x - a;) (x - a,) ... (x- a,)]

[lim(x—a,)] [[lim(x— az)] [[lim{x— an)]

— X—3 X—a X—a

We get,

=(a—a)(a—ay).....(a—ay)

limfx)=(a-a,)@a-a,) ... (a-a,)
Hence, **

lim f(x) =0 1‘1_1}; f(x)=(a-2a)) (a-a,) .. (a-a,)
Therefore, ¥~ and



['|x|—1.x <0

0, x=0
f 1 X|-Lx >0 lim f(x)
30. | -

For what value (s) of adoes * 73

f(x)=-

exists?

Solution:

Given function is:

x| +Lx <0
f(x)=¢ 0, x=0
x| -1x >0

There are three cases.
Case 1:

Whena=20

lim f{(x):

x—=0

]i%l_f{}ﬂ = Hl'él_{l}{l +1)

lim(—x+1)=-0+1

— x—=0

=1



Jig 10 = i (1~

lim(x—1)=0—-1

_ x—0

=-1

Here, we find

Jim.£60) + I 160

Ly )

Hence, does not exit.
Case 2:

Whena<0

lim f(x):

lim f(x) = lim (|x| + 1)

lim(—x+1)=—a+1

= X—a

m 16 = Jim -+ 1

lim(—x+1)=—-a+1

lim f(x) = lim f(x) = limf(x) = —a+1
HEHGE, N—=3a X—3a X—3

Therefore, lim (f(x)) existsatx=aanda<0



Case 3:

Whena>0

lim f(x):

X—=a

lim f(x) = lim (|x| — 1)

lim(x—1)=a—-1

LEORNICED

limx—1)=a—-1

= X—3

lim f(x) = lim f(x) = limf(x) =a—1
Hence, N—=a X—a X—a

Therefore, lim (f (x)) existsatx =a whena > 0

. f(x)-2 . _
m————=m lim £(x)
31. If the function f(x) satisfies =oxT -1 , evaluate ¥

Solution:



Given function that f (X) satisfies

}{J_Iﬁ fi(x)—2 o
limx%—-1
X1

1i11}(f(x] —2)= TL'(HII}(XZ —1))
Substituting x = 1, we get,

-Li_x&(f(x] —2)=mn(12-1)

l.‘i_l}}(f(}{) —2)=m(1-1)
lci—lf:}(f(}{) —2)=0

i) =2 =0

1111% flx)—2=0

=2
‘111:5{‘ +n., XxX<0
f(x)=4nx+m.0=x=1
1 nx’+m. X1
32. If -
exist?

Solution:

limf(x)

For what integers m and n does both * %

lim £(x)

and T



3
mx-+n, x<0
f(x)=<nx+m,0=x=<1

_ o nx'+m. x>=1
Given function is

lim f(x):

x—=0
lim f(x) = lim(mx?+n)
x—=0" x—=0

=m(0)+n

=0+n

=n

xl_i}él+ f(x) = }(i_l}é{:llx +m)
=n(0)+m

=0+m

=m

Hence,

lim f(x) exists if n = m.
w—0

MNow,

lim f(x):

x—1
lim f(x) = lim{nx+ m)
x—=1" x—=1

=n(l)+m

=n+m



. T e
;E%f(x)— Ll_l}l}(nx +m)

=n(l)+m
=n(l)+m

=n-+m

lim f(x) = lim f(x) = limf(x)
Therefore *~* x=1 x>l

lim f{x)

Hence, for any integral value of m and n *~* exists.

Exercise 13.2 page no: 312

1. Find the derivative of x2— 2 at x = 10
Solution:

Letf(x)=x2-2

From first principle

From first principle

f(x+ h) — f(10)
h

I .
&=
Putx= 10, we get

, __f(10 +h) — £(10)
rao={n—j

- [(10+h)%2—2] —(10%2—2)
lim
— h—0 h

, 1024+ 2x10xh+h*—2—-10%2+2
lim
_ h—o h




- 20h+h?
lim——
h—0 h

- %1153(2[} +h)

=20+0

=20

2. Find the derivative of x at x = 1.
Solution:

Let f(x) =x

Then,

From first principle

f(x+h) — f(10)
h

Fx) =]

Letf(x)=x
From first principle

f(x+h) — f(10)
h

I 1
Fe0 =
Putx =1, we get

; f(1+h) —f(1)
F'(1) =lim h




 (1+h)—-1
lim—
_ h—0 h

L 1+h-1
_#2%  h

lim —
_ h=0

lim1
— h=0

=1

3. Find the derivative of 99x at x =100.
Solution:
Let f (x) = 99x,

From first principle
f(x+ h) — f(10)
h

T .
=]
Put x = 100, we get

f(100 + h) — f(100)
h

f'(100) = LH%.

~99(100 + h) — 99 x 100
lim
_ h—=0 h

99 %100+ 99h —99 x 100
lim
_ h=0 h

. 99 x h
_ b2 h

lim 99
_ h—0



=99

4. Find the derivative of the following functions from first principle
(i) x3=-27

(i) (x=1) (x-2)

(iii) 1/x2

(ivyx+1/x-1

Solution:

(i) Let f (x) =x3 - 27

From first principle

f(x+h) — f(x)
h

i

- [(x+h)*—27] - (x*-127)
lim
_ h=0 h

- x*+ h®*+3x°h + 3xh* —x*°
lim
h—0 h

~ h®+ 3x?h + 3xh?
lim
_ h—0 h

Lingi[h2 +3x? + 3xh)

(i) Let f (x) = (x — 1) (x — 2)

From first principle



f(x+ h) — f(x)
h

F(x) =

(x+h—-1)(x+h—-2)—(x—1)(x—2)
— h—=0 h

 hx+hx+h*-—2h—-h
lim
_ h—0 h

Eﬂ(h +2x—3)

=0+2x—-3

=2x-3

(iii) Let f (x) = 1/ x2

From first principle, we get

f(x+ h) — f(x)

f00 = Jm

h
1 1
K z 1\(2
_ Jim
x? — (x+ h)?

_ Llﬂ%r hx2(x+ h)2

y 1[x? —x*—h?— 2hx
oo b | x%(x+h)?

y 1[-h? —2hx
hooh | x2(x+ h)?




" L—h—zx ]
_ hoolx2(x+ h)2

=(0-2x)/[x (x+ 0)]
= I:- 2/ Xg)

(iv) Letf(x) =x+1/x-1

From first principle, we get

f(x+ h) — f(x)
h

F(x) =

x+h+1 x+1

= lim x+h—1 x—1

h—0 h

C (x—D(+h+1)-(x+1)Ex+h-1)
_jim h(x— D)(x+h—1)

1[(x*+hx+x—-x—-h—-1)—-(x*+hg+x—x+h—-1)

= lmy G- DGE+h-1

_y —2h
T heoh(x— D(x+h—1)

-2
= I T D= D)

2
Cx-DE-1

2
C(x—1)2




. K'.SS KQQ %
f(x)=—+—+...—+x+1
5. For the function 100 99

Solution:

.Prove that f (1) =100 f (0).

Given function is:

2
Klﬂl} KQQ %2

f(x)=—+— +  — +x+1
) 100 99 2

By differentiating both sides, we get

XlUU ng XE

m-[-ﬁ'[-'"—[-?‘[-x-[- 1

d

d
=@ = 5

d /x4 /x*° d (x*\ d d
R Errd Rt b R ol Rl CIR el €3

We know that,

i oy -1
dx(x ) =nx

df() 1DUX99+99X93+ +2X+1+D
"= T 100 99 2




fx)=x"7+xP®+-+x+1
Atx=0, we get

ff(0)=0+0+...+0+1

f'(0) =1
Atx=1, we get

f{1)=1""+1%+ . +1+1=[1+1....+1] 100 times = 1 x 100 =100

Hence, f'(1) =100 f(0)

L1 -1 2..n-2 n-1_, n
6. Find the derivative of X +ax +aX +...+4a X+4d for some fixed real number a.

Solution:



Given function is:

fix)= x" +ax" +a’x" +..+a" X +a"
By differentiating both sides, we get

d _ _ _
(%) =E(K“+a};“‘+az}{“ 4. .+a" 'K+aﬂ)

d d d d d
n n—1 2 n—2a s n—1 n
=—x")+a—x"YH+a x"4)+--+a x)+a (1)

We know that,

i s n—1
i\{{x ) =nx

f{x) = nx™" + a(n-1)x"2 + a(n - 2)x"3 + ...+ a™1 + a"(0)

f{x) = nx™" + a(n-1)x"2 + a2(n - 2)x"3 + ... + a™!

7. For some constants a and b, find the derivative of
(i) (x—a) (x = b)

(ii) (ax2 + b)2
(i) x—alx-b
Solution:

(i) (x—a) (x=b)



Letf(x)=(x—a)(x—b)
fx)=x!—(a+b)x+ab

Now, by differentiating both sides, we get

f'{x) = % (x?—(a+ b)x+ab)

d d d
_ 2y _ _ —
— — () — (a+ ) — () +—(ab)
We know that,
i my __ n—1
—~ (x™) = nx

fiix)=2x-(a+b)+0

=2x—a-b

(ii) (ax2 + b)2



Let f(x) = (ax? + b)*
f(x)=a’x*+ 2abx? + b?

By differentiating both sides, we get
f'{x) = i (a?x* + 2abx? + b?)

(%) =+ (x*) + (2ab) £ (x?) + £ (b?)
We know that,

i (x™) = nx?1

f'(x) =aZx 4% + 2ab = 2x + 0

= 4a32%° + 4abx

= 4ax(ax2 + b)
(iyx—al/x-b

Letf(x)= Ei:g

By differentiating both sides and using quotient rule, we get

7)==

=E x—h

(x—b]%(:c—a]—(.r—a]i(x—b}
(x=b)

_E=0))-(x=a)(1)
(x=by

(%)=




By further calculation, we get

x=h=x4a

__a-b
(x-b)

8. Find the derivative of Xx—ad for some constant a.

Solution:

T )

X —d

Let f(x)="

X—ua

By differentiating both sides and using quotient rule, we get
v _i ,T,‘” _ GJI
4 {l)_ ﬂfr[ x-a J

(x—- a) %(r" -a" ] H(_r” -a" )%(r-—a)
ey

By further calculation, we get

[.I— u] (.'u:”'] —[})— (.‘r” —a")

) (x—a)

7()=

ne' —anx™ —x" +a"
= »
(x—a)
9. Find the derivative of
(i)2x-3/4
(i) (5x3+3x—-1) (x = 1)
(iii) x-3 (5 + 3x)
(iv) x5 (3 — 6x-9)
(V) x-4 (3 — 4x-5)
(vi)(2/x+1)-x2/3x-1

Solution:

@



letf(x)=2x-3/4

By differentiating both sides, we get

f'(x) =%(2X—%)

(ii)
Letf(x)=(5x3+3x-1)(x—-1)

By differentiating both sides and using the product rule, we get

f'(x) = (6x*+3 —lji( — 1)+ (x— l]E(S S4+3x+1)
x) = (5bx X =X X T LK X

=(6x*+3x—1)x 1+ (x—1) x (15x*+ 3)

= (53 +3x-1)+ (x - 1)(15x%% + 3)

=53 +3x -1+ 15% +3x-15%x¢ -3

=20%3 - 15x2 + 6x - 4

(iii)



Let f(x)=x7 (5+3x)

By differentiating both sides and using Leibnitz product rule, we get
£(x)=x" ;_i(s +3x) +{5+3x);—i(1"3)

=37 (0+3)+(5+3x)(-3x7")
By further calculation, we get
= x (3)+(5+3x)(-3x7")
=3x7 = 1537 =0y
=—6x" —15x7"

=—3x" (2 +£]
X

:—Sx" _
* (2rs)

- ;—?[5 +2x)

(iv)



Let £ (x) = x° (3 —6x7%)

By differentiating both sides and using Leibnitz product rule, we get

_fj{:'.']: .Tii{?i—f‘l'.\' I?}+{3—6:r 1]i 1__;]

e FALE
= x* [0-6(-9)x "} +(3-6x)(5x")
By further calculation, we get

=x (5427 ) +15x* =305~
=54x 7 +15x" —30x7

=24x7" +15x"

24
=15x"+ .

X

V)

Let f(x) = 2% (3 — 4x7°)

By differentiating both sides and using Leibnitz product rule, we get
f'(x)=x" §[3—4x'5]+[3 —4;;-5)%(;,;4]

=x7{0-4(=5)x" "+ (3-4x7 ) (-4) !

By further calculation, we get

=y [Eﬂx"f'}+[:3— 4573 J{_qx—-"-)

=20x"" —12x7 +16x7"
=36x"" -12x7"

12 36
AT
X



(vi)
2

2 X°
x+1 3x-1

f(x) =
Let
By differentiating both sides we get,

2

f;{:)_d 2 X
e m\x+1 3x—-1

Using quotient rule we get,

(x+ 1)%{2)—2&(“ 1)
(x+1)2

(3x—1)2

F(x) = w B I(Bx— 1) i{xz) — Xzi{SX— :ﬂ

(x+1(0)—2(1D) (B3x—1)(2x) — (x*)x 3
(x+ 1)2 ]_ [ (3x— 1)2 ]

2 laxﬂ — 2% — 3:{1

T x+1?2 | (3x—-1)2

2 x(3x—2)
T (x+1D2 (3x—1)2

10. Find the derivative of cos x from first principle

Solution:



Letf(xX)=cosx
Accordingly, f(x+h)=cos (x + h)
By first principle, we get

f(x+ h) — f(x)
h

I .
F={n
S0, we get

1
= LIEEIH [cos(x+ h) — cos(x)]

1 Xx+h+x
= lim — [—2 sin (T) sin (

h—oh 2

By further calculation, we get

_n 1[ 5 s (2x+h) . (h)]
_IEEEIIH —& 81N 2 s1n i

. h

 x+hy . sin®)
= lim —sin ¥ lim =
h—0 h—=0 2
2

2x+ 0
=—5111( > )xl

=-sin(2x/2)

= - s5in (X)

11. Find the derivative of the following functions:
(i) sin x cos x

(ii) sec x

(iii) 5 sec x + 4 cos x

(iv) cosec x

(v) 3 cot x +5 cosec x

(vi)5sinx—-6cosx+7

(vii) 2 tan x — 7 sec x

Solution:

(i) sin x cos x

x+h—x

)



Letf(x)=sinxXcosx

Accordingly, from the first principle,

s o J(xth)=1(x)
S(x)=lim ;

li—Dr

o sin{x+ #)cos(x+ k) —sinxcosx
- fll—j;tll j'_il

= Ilm—[zsm{a +h)cos(x+h)—2sinxcosx |

e

= lim —[sm 2(x+h)—sin 2::.]

il

= lim
h—ld Eh

1[ 2x+2h+2x . J+2h—2x}
2cos

-sin
2

By further calculation, we get

. 1[ 4x+2h . zh}
= lim—| cos 5in—
2 2

f1—pl h

=|hThl cns{Zx-kh)sh1h]

fi—pll h

sin fr

= limcos(2x+ /). lim-

h—pln f—plp j'-||
=cos(2x+0).1
=cos2y

(ii) sec x



Letf(x)=secx
=1/cosx

ittt

By differentiating both sides, we get

09~ 5 e

Using quotient rule, we get

d d
cosx— (1) — 1—(cosx)
fr (X) _ dx dx

C082X

cosx x 0 — (—sinx)

C052x
We get
sinx
" cos2x
sinx 1
= X

"~ c0SX  COSX

=fan xXsecx

(i) 5 sec x + 4 cos x



Letf(x)=5secx+4cosx

By differentiating both sides, we get
f'(x)= ‘ (5 +4 )
x) =5 (5secx+ 4cosx
By further calculation, we get
d d
=5 = (secx) + 4£ (cosx)

= 5secxtanx + 4 x {—sinx)

=Sgecxtan¥x-4sinx
(iv) cosec x

Let f(x})=cosecx
Accordingly f (x + h) = cosec (x + h)

By first principle, we get

flx+h)— f(x)
h

09 =y

cosecq{x+h)—cosecx

=lim

h—0 h
= lim - ( . = )
o h—=oh \sin{x+h) sinx



=lim =
h—oh

_ 1 Hlﬂl Ecus(xﬂz{_'-h)sin(x_!;_h)]

[si n x—sin[x-[—h}]

sinxsin{x+h}

sinxh=ph sin{x+h}

- L)

sinxh—oph sin{x+h}

By further calculation, we get

e

sinxh-pgh (Bsin{x#h}

1oosin(G) L cos(PH)
= ——lim—Ff2 X lim ——2—-
sinxh=o 2 h—p sin{x+h}

Cus(zxﬂn)
=__1 A
sinx sin{x+0}
1 CO5X
= — x

sinx gsinx

=-Cosec X cot X

(v) 3 cot x + 5 cosec x
Letf(x)=3cotx+ 5cosecx
f'{x) =3 (cotx)' + 5 (cosec x)’
Let f; (X) = cot X,
Accordingly fi (x + h) =cot (x + h)
By using first principle, we get

fi (x) =lim hx+h) —H&)

x—=0 h




. cot{xt+h)—cotx
=lim ————

h—=o0 h
. 1 fcos(x+h)} cosx
= 11111—( - — = )
hooph \sin(x+h} sinx

By further calculation, we get

. 1 {sinxcos(x+h)}—cosxsin(x+h)
=lim - ———
h=oh sin x sip (x+h}

. 1
=lim -

h_mh( sin{x—x—h)} )

sinxsin{x+h}

[ sin{—h}

1
lim =
=1/sinx h=oh lsin{x+h}

=2 (limﬂj (lim

sinx \hop h—p sin(x -{—h})

1 1

sinx sin{x+0)

= - cosec? x

Let f; (x) = cosec X,

Accordingly f; (x + h) = cosec (x + h)
By using first principle, we get

L+h) -Hx)
h

509 = i

. cosedxth)—cosecx
=lim
h—=0

= lim - ( = )
" hoph \sin(x+h) sinx




[sin x—sin{x+h)

1
=lim =
sinxsin{x+h)}

h—oh

By further calculation, we get

_ 1 lim 1 Ecus{x+§+h) sin(x_!; _h)]

sinxh—pgh sin{x+h}

[

" sinxhoph sin{x+h}

-1 [— Ein('%Jm(&J“J]

lim
sinx h—0 {g)sin{x +h}

. fh zx+h

1 . 5in E) . cus{ = )

= ——lim—Ff% X lim——2-¢
sin x h=0 2 hopo sin(x+h)

)

gsinx sin(x+0)

1 COSX
)4

sinx sinx

= -C0sec X cot X

Now, substitute the value of {cot xX)’ and (cosec x)” in ’{x), we get
f'(x) =3 (cot x)' +5 (cosec x)’

f'(x) = 3 x (-cosec x) + 5 = (-cosec x cot x)

f'{x) = -3cosec? x - S5cosec X cot x

(vi)5sinx—6cosx +7

Letf(x)=5sinx—6¢cosx+7

Accordingly, from the first principle,



Y\ f[x+fr}—f{:r]
f{.\}—llm- p -

=

=lim -1~

lim h[Ssin{ﬁh}—ﬁcﬂs[x+h}+?—55inx+ﬁmsx—?]

=lim l[ﬁ{sin {.T + J':'] —sin .T}— 5[(::05 (x + J':'] =08 T}:|

=0 f

=35 Iim%[sm{x +fr)— sin x] —ﬁ[ij mﬂ{x+fr}—ms x]

fi—l fi—seli I;-'l

By further calculation, we get

1 xt+h+x) . (x+h—-x . CcOsxcosfi—sinxsinfi—cosx
=5lim—| 2cos/| - - |sin] - - | |=Glim- -
Jl-r-llh- 3 2 h=al ‘ﬁr

b0 fp f—0 i

: | —cosx{l—cosh)—sinxsink
:5Iiml[icos[h;h]sing:|—Erllm{ { ] ]

Now, we get

= 5lim| cos

=l

.

[2'\_”?]51115 _6lim —cosx(1-cosh)} sinxsind
2 )R | e h P

2

. h
. sin— ~ _
=5[Iimcns[“l+hﬂ lim—2 —6{[*::&33-}[[1111] cnsfrj_mnth[mnh
fr—=0l 2 f .I|I:ir fr—0l .III:" ) Ji?

:5005::_]—Er[[—cﬂs::)_[ﬂ)—sin x.]]
=35cosx+6siny

(vii) 2 tan x — 7 sec X

Letf(x})=2tanx—7secx

Accordingly, from the first principle,



_,f"{;.') =lim f(l th)—f {l}

Si—rik h

=lim % I:Ztﬂn [Jf -E-h] —Tzec [:f -i-h) —2tan x < T sec :f:l

fie) f

=lim 5 [E{tan (J.' + ."‘.l] — tan ‘-1} - ?{SEG{."{ + fr}— seC 1}]

J—sll r!f

=¥} I_in& ;l I:TEL['I (Jf +/t)—tanx | -7 Ein& fl sec (_T + .r’r} - 5EC J.':I
it fy = fy

By further calculation, we get

=’2I_iml sin(x+4) _ sinx 7l l L
i fp cc-s(:r -:'-fr] COsX bt fp cus{x-l-fr} CoOsx

2l 1 sin[I-I-f:r;l::crsxﬂsin,‘l.‘cos[x-I-ft] T 1 cns,‘rﬂcns[x-l-!!]
=2lim— - —
COS X Cos {I o+ h] k=i Bl oSy cos [.1‘ —H’?}

A0 fp cosxcos(x+h)

w0 fi| cosxcos(x+1)

Ve ¥+x+hY . (x—x-h
1| sin(x+h-x) p| T > T,
=2him— . —Thm=— = =

Now, we get

=2hm
Jr—ld

oy ([ 2] +47 . i
(sinfr | 1 N A _;J
J —7lim— - -

L h ) cosxcos(x+ i) bl fy cosxcos(x+/)

lim lim
#0 cos x cos(x + /1) fi || #=0cosxcos(x+h)

= E[Iim sin &

h—aid l,f_il g_’ i

b [ 2x+h
1 210 ; N .
] J— 7| lim—= =

3|

.



20— —?.1[ Si“"']
COSXCOSY COSXCDSXY

=Zsec’ ¥—Tsecxtanx

Miscellaneous exercise page no: 317

1. Find the derivative of the following functions from first principle:
(i) =x

(i) (=x)-1

(iii) sin (x + 1)

5]
COS| X ——
(iv) :

Solution:
(1) -x
Letf(x)=-x
Accordingly, f(x +h)=-(x+h)

Using first principle, we get

. —Xx—-h+x
= lim

h—} h
= lim—

=] h
=lim(-1)=-1

[y —1F

(i) (-1



Letf(x)=(-x)" _J -t

Accordingly, f(x+h) = l

_(x+h)

Using first principle, we get

F[}{~b~h)—f‘£x}

F'(x)=im
1] -1 [—I]
=lim— - —
hih| x+h | x
.1 -1 1
=lim— 4 —
h+0h|x+h x
:Iimi ——}L+{X+h]
h—c-lilh x[x+h)

By further calculation, we get

=lim—

1 _—x +x4+h
h~0h| x(x+h)

- 1|1
h—0 [y _x(xi—h}

=1/x2
(iii) sin (x + 1)



Letf(x)=sin(x+ 1)
Accordingly, f(x +h)=sin{(x+h+ 1)

By using first principle, we get

f'{x)=Ilim flx+h)-f(x)

la=sld |'|

= Liﬂg%[sin (x+h+1)-sin(x +1)]

o1 ¥+h+1+x+1Y , (x+h+1=x-=1
=lim—| 2cos sin
h—0 g 2 2

1 2x+h+2Y . (h
=lim—| 2 cos| —— |sin| —
bt Jp | 2 2

- e
Ix+h+2 "‘]”[E]

h

2

= lim| cos 5 J [ ]

b=l

We get,

1m
b= 2 I?:_." i_]
i 2

We know that,

. (h
. 2x+h+27Y sm[z]
= limcos |

h—:-{}:;-g—:»ﬂ

(2x+ﬂ+2]
= (OS5 T |

=cos(x+1)

n
cos| x ——
[ 3]

(iv)



Letf(x) =cos(x —g]
Accordingly, f (x +h) = cos[x +h —%J

By using first principle, we get

f{x+h)—1f(x)

f'{x)=lim

Fy—wd

L1 T e
=lim—| cos x+h——}—cns x——]
b0 |y g 2

We get,
i T
(K‘H"— SR ] XAh -t x4+ T
| : 8 g8) . 8
=lim—| =2sin sin
b0 |y 2 2

Further we get,

T
2x+h——

. . . h
=lim—| =2sin| ——= |gin—
b=+ [y 2 2

S0,

*in( 3 )
2x+h—— |50 5
= lim| —sin| - 4

h—+0) 2 | {E]
2

- . (h
In+h-Z sm[—]
= |lim| —sin| ——— | |.lim

b= 2 i _|:| 0] h
i 2



As h—»ﬂ::»%—}{]}

2x+0-2
= _sin| — 4|1
2

Hence, we get
o T
=—5|n| - |
L8y

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-zero
constants and m and n are integers):

2. (x+a)

Solution:
Letf(x)=x+a
Accordingly, f(x +h)=x+h+a

Using first principle, we get

J'(x)=lim

h—h

f{x+h}—j{x}
h

S0, NOW we get

s+h+a—x—a

=lim
hi— h

. [ h ]
=lim| —
Ni— h

=lim(1)

fi—0

=1
3. (px+q) (r/x+s)

Solution:



Letf(.r)={px+qj{£+.s}

Using I eibnitz product rule, we get
£(x)= [p.Hq][%S]r +[£+3}{px+q)'
We get,

=(px+q)(rx” +S)I+[£+S][p}

By further calculation, we get

=(px+q)(-m7) +[£+ x]p

T
:{;JJ.'-I—qH -'-'J;,-J'I'[-{:'i'.ﬁ']p
L \ X
Now, we get

:__w_q_’z'+ﬂ
x X x

=ps— E
X

+ 25

4. (ax +b) (cx +d)2

Solution:

LE‘}'[I}:{ax+b](ax+d}:
By using Leibnitz product rule, we get
f’{r}—(m‘-l—b}-d-{ﬂ+d]:+(cn‘+d}3-d-{w;+b)
o dx d

We get,

2

| =

= (c;r.'r+ b)i[rszf + 2oy + Efi)ﬂ' (rL'JL'+ a’]

e (cr_".' + b:}

&



By differentiating separately, we get
d oy d d . 2| d
=(ax+ b][m [c‘x' ]+ ﬁ]r1li[lc:;i3¢-] - d’ } +(cx+d) [d;m e — b}
=0,

=(ax + b)(251x+2cd)+[r:x+d:)a
=2c(ax+b)(cx+d)+a(ex+ d)’

5. (ax +b)/ (cx +d)

Solution:

3 ay+ b
ex+of

Let f'(x)
Using quotient rule, we get

) (c:‘c+d)%(ax+b)—{ax+b}%(cx+a’]
- (cx+d)

7'(x)
Further we get

(ex +d)(a)—(ax+b)(e)
(ex+d)’

S0, now we get

_acx+ad —acx —be

(c:r+d]:

Hence,

_ad—bhe
(cx+ d)?

6.(L+1/x)/(1=1/x)

Solution:



Lmj{x}: T::Tf}-fiiﬁwhmﬁxiﬂ
'E_ - rj|
X X

Using quotient rule, we get

_ (:c—l}%{x+l}—{x+|]£(:¢—1) _

(1)

=0, 1

f'(x)

Further, we get

(=D =(+1)(1)

= 3 ,IE‘ED,]

(1)

S0,

y=1=-x=1

(x-1)

= _zj.x?tﬂ.l

(x-1)

7.1/ (ax2 + bx +c)

=0, 1

Solution:

1
ax’ +bhx+co

Le{f{x):
Using quotient rule, we get

)= (ax® +bx+c)%(l}—i(m¢z +bx+c)

(nf + b+ c):



By further calculation, we get

(ax: +bx+c*){ﬂ}—{2m:+ b)

(ﬁf +bx +€J:
- [Em: +b)

. 2
(f:x' +bx+ L']

8.(ax +b)/px2+qgx +r

Solution:

ax+h
,r_;ul:j +gx+r

Letf(x)=

Using quotient rule, we get

(,e:':r:3 +qx+r)%[ax+b}—(ax+b}%[pf +qx+r)

f(x)= o ;
(,m:‘ +agx+ r}

Further we get,

(5" + ) (o)~ (ax )2+ )
(p:r: e+ r]:

Again by further calculation, we get

_apx’ +agx+ar—2apx” — aqx —2bpx —bg

5

(pxz + ¢y + r)
_ —apx® =2bpx + ar —bg

B (}'JIE-I-E}IJ.-J‘]

9. (px2+qgx +r)/ax+b

Solution:



Using quotient rule, we get

(ar+b}i[p.rl +aqx+r)—(pe’ +q:c+r]ﬁTf(m:+ b)
Ly

T iy
(x)= (ax+b}3

By further calculation, we get

_ (ax+b]{2px+q}—[px1 +qx+r)(a}
(ax+b)

S0, we get

_ 2apx” + agx + 2bpx + bg — apx” — agx — ar
(ax+ b]!

_ apx® + 2bpx + b — ar
E:ax + b)z

10. (a/x4) - (b / x2) + cox x

Solution:

By differentiating we get,

f"{x)ﬁ[ij—‘—”.[ i}i{msr}

o) el it i

On further calculation, we get

fe A {
=a ;’x (:r + ) —h -;T (_1.' - } + ;1_-{::(15 x)

We know that,

[i [Jf”) — ”.":"_] and LIF {CCIS ,'I.') =— Si“ -."I.‘j|

ey el



S0,

=t (—-‘-IJ."'; ) —h (—2,1:"1 ] + {— 5in .1.‘}

—4a  2h
= —5+—:—SII'I X
X X

y Wx-2

Solution:
Let /' (x) =dx -2
By differentiating we get,

7= =2) = ()= £02)

Further, we get

12. (ax + b)n

Solution: na (ax + b )n-1

13. (ax + b)n (cx +d)m

Solution:



Hence, we get

f(x)=(ax+b) {mf (ex+d)"™ } +(ex+d)" {na{ax+b}"_'}
=(ax +b}”_] (ex +::1“}'"'I [mc{mr +b)+na(ex +d}]

14. sin (x + @)
Try yourself

15. cosec x cot x

Try youself
CcOs X
16. 1+sinx
Solution:
Let f (x) = <05
1+sinx

By using quotient rule, we get

. d d X
(1+sin ;]E[cns,r)—llcns_x)aﬂ +sinx)

7(x)=

_ (1+sinx)(—sinx)—(cosx)(cos x)

(1+sin x}:

(1+sinx)’



We get,

—5inx—sin" x—Cos” X
(I Fsinx)

—sinx— {sin: X+ Cos” x]

B {] +5in .T]:

Now, we get

) (1+sinx)”

_ —(1+sinx)

—sinx—1

R (1+sin x)’
o
(1+sinx)

17.
5N X+ CO5 X

SINX —CO5 X

Solution:

SINX+cCosx
I_'E't Xl=m———-er e
f( ) 51 ¥ —COSX

By differentiating and using quotient rule, we get

(sinx- cnsx]%_(sin x+c0sx)—(sinx+cosx) ;—i(sin X—C08x)

f{x)=

1

(sinx—cosx)

On further calculation, we get
_ (sinx —cosx)(cos x—sinx)~(sinx + cos x) (cos x +sinx)

(sinx—-cos x}3
~(sinx— m“}; ~(sin x+ casx]:

(sinx—cosx)’
By expanding the terms, we get

—[sin2 X+ 08 x— 28N XCosx +$in° X+ cos” X + 2sin xcos x:l

{Sin X —COos8 .1'}:



We get

(sinx—cosx)’

(sinx —cos x)’

18.

secx =1

secx+1

Solution:
5ec x = |
secx+1

Now, this can be written as
|

f[x}: co]s,r _ l-cosx
+1 l+cosx
COsX

By differentiating and using quotient rule, we get

(]+cmx]-§x{I—mﬂx}—(l—cnﬂ_r)-i-(l+cn:~*.;r)

f(x)=

(1+cosx)’
_ (1+cosx)(sinx)—(1-cosx)({-sinx)

(1+cosx)
On multiplying we get
_ sinx+cosxsinx+sinx —sinxcosx
= E]
(1+cosx)

25inx

- (1+cos I};

This can be written as
2sin x

On taking L.C.M we get

23inx

(secx+ 1}2

seCT X



On further calculation, we get
_ 2sinxsec” x
(secx+1)°
2sinx
Secx
COs X

- (secx+ I]2
_ 2secxtanx
- (secx+ 1)2
19. sin™ x
Solution:
Let y = sin” x.

Accordingly, forn=1, y = sin x.
We know that,
dy d

— =(CO0SX, L8, —SINX=Cosx

dx ey

Forn=2, y = sin’
D_ i{ain xsinx)

So, dx dx

By Leibnitz product rule, we get

= {sin :r}r gin x +sin J.'[s;in Jf}I

x.

= COS XS ¥ +5in xcosx

= 25in X COS X (1)

3

Forn=3, y=sin” x.

dy _dg o
<o E—E(MHJMH .l)



By Leibnitz product rule, we get
= (sin x}r sin’® ¥ +sinx [sin: :.,-}

From equation (1) we get

= COSXSIn" x+sinx (2sinxcosx)
= cosxsin® x+2sin” xcosx
=3sin’ xcosx

If—'lr(t;il'n” x} = #gin

We state that, 4*

For n =k, let our assertion be true

; d .. .
ie., E[sm* x]=ﬁr51n“ " xcosx -(2)

—|
1 yeos x

Now, consider

;-(s[n“" x] = ;; (sin:r sin® _‘c}

By using Leibnitz product rule, we get
= (sinx) sin® x+sin x(s;in" :r)

From equation (2) we get

=ty cos_r)

=cosxsin’ ¥+sinx (.I’r sin
=cosxsin® x+ksin® xecosx

=(%+1)sin’ xcosx

Hence, our assertion is true forn=k+1

by mathematical induction, i(sin” x} =nsin" ™ xcos x

Therefore, v

a+hsinx
20. Ut “l' COs5 X

Solution:

LEtf(I) - c+dcosx

By differentiating and using quotient rule, we get

a-+bsinx

(c+ dmsx)%(cr+b51nx)—[a+ bsin.x)%[c+ d cos x)

f(x)=

(c+dcos x]2



_{e+dcosx)(beosx)—(a+bsinx)(—dsinx)
B (¢+dcosx)’
On multiplying we get
_ cheosx+bd cos® x4 ad sinx +bd sin” x

(c+d C{’JSI]:
Now, taking bd as common we get
boeosx+adsinx+ bn‘(cm: x+sin’ .1']

(c+dcosx)

B boeosx 4+ ad sin x+ bdf

(c+dcosx)

21.
5'm|[.r+ u}

Solution:

sin{x+a)
Let /() = S0

By differentiating and using quotient rule, we get

idr. . o
cos xﬁ[sm (x +cr)]— sin (x + a}acosx

f(x)= cos” x
dr. . —sin{x+aY—si
cos;E[sm{a +a]] SIH(J i f’)( Sm’T) (D)

J(3)= cos” x
Let g (x)=sin(x+a). Accordingly. g (x+4) =sin(x+ h+a)
By using first principle, we get

()= im £ 1220

- ]imé[sin (x+h+a)—sin{x+ .::r]:l

fr—l)




On further calculation, we get

1 J.+J'?+a+1+a .:u+f;+a X—a
=lim—| 2cos

=0 fp

= Iin*.l|:2mm(h T a+fr

fr=sl} ﬁ

. [2x+29+fr]JSln(2
= lim| cos| ——— I
-0 2 h
[ )
Now, taking limits we get

_(h
sm[—)
= lim caa[zxiia+h] lim{ ——= {Aﬂ h—=>0= g — f}}

We know that,

[1 " sinfr _ 1:|
=i

[ 2_T+2|:',.']
=| C0s " ]

= cos(x+a) . (i)

From equation (i) and (ii) we get
cosxy-cos{x-+al+sinxsin(x+a
(s S0 cos( o) bsinsin o)

_ Cas{x+a—x]

2
COs X

.
cos” x
_ cosa
cos’ x

22.x* (5 sin x — 3 cos Xx)

Solution:
Let f{x)=x"(5sinx—3cosx)
By differentiating and using product rule, we get

.« d ... o i )4
(s} = (ssin =008 (ssin-3c0s2) )



On further calculation, we get

e d gy L d _ o A
=x [de(snu] Jm_(ms_x)}ﬂﬁsuu JCDSA)dx(x]
S0, we get
:,rJ'[jc05x—3[—sin,r):|+(isin:r—3cns:r)(4:r3)

By taking x* as common, we get
= x' [5xcosx+3xsinx+20sinx—12cosx]

23. (x?+ 1) cos x
Solution:
Let f'(x) = (xi + l)cosx
By differentiating and using product rule, we get

=L ) oms s L

o

On further calcualtion, we get
= (,rz +1) (—sinx)+cosx(2x)

By multiplying we get
=—x"sinx—sinx+2xcosx

24. (ax? + sin x) (p + g cos x)

Solution:
Le-’tfl':x}=(mr:n:2 +5in x)[p+qcosx]
By differentiating and using product rule, we get
f(x)= [a11 + sin:c]%(p+ geosx)+(p+g UU-‘SI]%(&TE +sin .T)
On further calculation, we get
=(ax’ +sinx)(—gsinx)+(p +qcosx)(2ar +cosx)

= —gsin x (m‘z +sin :r) +( p+qeosx)(2ax +cosx)

e {(x+cosx)(x—tanx)

Solution:



Let f(x)=(x+cosx)(x—tanx)

By differentiating and using product rule, we get

S(x)=(x+ cnsx};_-(xﬂ tan x) + (x - tﬂnx]i-[:w €os x)

=(x+cosx) [%{A)— %{tun A}:| +(x—tan x) (1 —sin x)
Now, we get

=(x +cos x][l —% tan x} +(x—tanx)(1-sinx)
Letg(x)=tanx. Accordingly, g (x+4)=tan(x +#)
By using first principle, we get

oty )

Fa—=1)

i [ tan (x + /1) — tan.x ]

h—=l

b

On further calculation, we get

— lim 1 _Sin{:l:+ﬁ} ~ sinx
e | cos{x+/1) cosx

=lim—
b= fp COos ( x+ h] cosx

1 [ sin (x+h)cosx—sinxcos (:c + h]}

Now, we get

—_—

1] sin(x+A-x)
= dim— -
cosx 'on k| cos(x+7)

1 . I_ zin fr
= ,,I]]TI— _—
cosx "= fr| cos(x+h)

S0, we get

1 . sinf )| .. 1
= J Im— || lm———
cosx (4= o )| =0 cos(x + /)
We get




l |
.
cosx  cos{x+0)
1
cos” x

= sec” X .. {iD)
Hence, from equation (i) and {ii) we get
f(x)=(x+cosx (1—sec 1)-4—(‘: tan x)(1-sinx)
= (x+cosx)( - tan’ x) + (x—tan x) (1 -sin x)
=—tan” x(x+cosx)+{x—tanx)(1-sin x)
4x+5sinx

06 X+ Tcosx

Solution:

Let {_1} =

dx+5sinx
3x+Tcosy

By differentiating and using quotient rule, we get

(3x+7cos 1}% (4x+5sinx)—(4x+55inx) %{31 +7cosx)

r J- = -
f( ) (3x+7cosx)
On further calculation, we get
(3x+7cos x}|:4%{:r)+ 5 fi_{ﬂin ﬂ.):| —(4x+5sin A‘)[Bix +7% cos _".':|

efx Friy

(3x+7cos x]l
_(3x+7cos x){4+5cosx)—(4x+3sinx)(3—Tsinx)

(3x+7cosx)

On multiplying we get
_12x+15xcosx+28cosx+35c05” x—12x+28xsinx —15sin x+35sin® x
{31+ 7cos _1')2

We get
15xc08x +28c08 x + 28xsin x—15sin x +35(c053 ¥ +8in° x)

(3_1.' +7co35 :r}:
_ 354+ 15xcosx+28cosxy+28xsinx—13s5inxy
(3x+7 r:{nrsx]1




o7 SinXx

Solution:

x* cos [E]
Let B 4
/)= sin x
By differentiating and using quotient rule, we get

-

sin ri(x‘ )u.ﬁ:z i[:-iin x}

Y — e TE elx dx
/()= cos 4 sin” x

By further calculation, we get
T [sinx-l\:—f cus.x}
=cos—

4 sin” x
By taking x as common, we get

xcas%[Zsinx —xcosx|

. 3
SN X
X
28. I+laﬂ X
Solution:
X
Letﬂf[_x’):
I+tan x

By differentiating and using quotient rule, we get

_ (1 +tanx]%(x)—x%(l +tan x)

f'(x)

(1+tanx)”

(I+1ﬂnx]—x-i(1+tanx]

S(x)= e (1)

(1+tan x)’

| +1an x — xsec” x
f'ix)=- —
(x) (1+tanx)

29. (x +sec x) (x —tan x)

Solution:



Let f'(x)=(x+secx)(x—tanx)
By differentiating and using product rule, we get

f(x)=(x+sec J‘}%l:.‘r—lﬂl‘l x)+{x—tan A‘}%[I +secx)

S0, we get

= [x+sccx][%[x]—itanx}ﬂx—tan .\'][%[I]-F%SEC x}

— [x+scc:}[l—%ran x}+{x—tanx][l+%scc x} (1)

Letf,(x)=tanx, f,(x)=secx
Accordingly, f, (x+#h)=tan(x+h) and f, (x+h)=sec(x+h)
A [I]=Iim[ﬂ{x+?_ﬁ{ﬂj

Ti=mll

_ Iim( tan(x + ?} —tan J'J
1

Ji—il

By further calculation, we get
[tan (x+ .Fr] —tan x:|

= lim

h—ld

h
i {sm[.x+h} - mnx}

=0 h| cos(x+h) cosx

Now, by taking L.C.M we get

i 1_31'11(1+F.=}c+:>51—sinxm:~‘.{x+:f.=]
=lim—
=0 cos(x+h)cosx

1 sin(x+h-x)
=lim
0 | cos(x+h)cosx

: sinh
=lim—
i fy |:C-DS(.:'.‘ +h}cosx}




. sinh . 1
=|lm——|| hm
b0k J L cos(x + h)cos x
I :
== — =50 X
cos” x

Hence we get

d 5 N
—tanx=sec x )
gy
Now, take
: . x+hn)= 1A
Ji (x)=1lim £ (x+4)= 1, ()
- h—all ,‘IJ
sec{x+Mi)—secx
lim (x+7)—secx
Te—ali h
This can be written as
o 1
=hm— -
B0 fy _cus{r+h) CEI'S.‘(':|
By taking L.C.M we get
tim L] €08 x—cos(x+h)
w0 | cos(x+M)cosx
On further calculation, we get
i . (.‘L‘+I+}'F] . [r—.\'-h]
—2s1n 5N
| ] 2
= — lim—
COsX i fp cos(x+/r)
. S -
-2 sin( e )-sin[ jj
| ] 2
= — lim—
cosx o0 fy cos(x+/1)




We get
l. sin | d |
Sin[lx—l—.ﬁr] | W2/
L2 {ﬁ I [
=
= : Jlim L 2

cosx #0 cos(x+h)

By taking limits, we get

T T
Jlﬁi]}}Siﬂ 2x+h 1|}\ li

=\ 2 )

=S2Cx.

limcos(x+/)

el

We get

sinx.l
= SEC X.

Cosx

1
f—sm: y=secxtanx . ()
e

From equation (i) (ii) and (ii1) we get
£'(x) = (x+secx)(1—sec” x)+(x—tan x)(I+secxtan x)

X

30, Sin” x
Solution:
Let —
7(x) sin” x
By differentiating and using quotient rule, we get

sin” .r?:c— x%sin" X
1?(1(}:]: an [Ens

sin”" x

Easily, it can be shown that,

d—sin“ x=nsin""' xcosx
An



Hence,
o d

sin"x—x—x—sin"x

f‘{,ﬁ:} _ dx elx

sin™ x
By further calculation, we get

sin” x.1- x[n sin""! xcos .w;}

sin®" x
By taking common terms, we get

sin" x{sinx—nxcosx)

- .ty
sin™ x

Hence, we get

_SinxX—/xcosx

okl

511 X



UNIT 4

Imaginary Quantity
The square root of a negative real number is called an imaginary quantity or imaginary number. e.g., V-3, V-7/2
The quantity V-1 is an imaginary number, denoted by ‘i’, called iota.

Integral Powers of lota (i)
i=\-1, 2= -1, e = -, ie=1

S0, =i, je = -1, s = -j, s = jn = 1
In other words,

in=(-1)=, if n is an even integer
in=(-1)ev2 i, if is an odd integer

Complex Number
A number of the form z = x + iy, where X, y € R, is called a complex number

The numbers x and y are called respectively real and imaginary parts of complex number z.
ie, x=Re(z)andy=1m(2)

Purely Real and Purely Imaginary Complex Number
A complex number z is a purely real if its imaginary part is 0.

i.e., Im (z) = 0. And purely imaginary if its real partis 0 i.e., Re (z)=0.

Equality of Complex Numbers
Two complex numbers z, = a, + ib, and z, = a, + ib, are equal, if a,= a, and b, = b, i.e., Re (z.) = Re (z,) and Im (z.) = Im (z.).

Algebra of Complex Numbers

1. Addition of Complex Numbers
Let z, = (x. + iy;) and z. = (X, + iy.) be any two complex numbers, then their sum defined as
Z+ 2= (Xt iys) + G+ iy) = (X + X)) + iy +Ye)

Properties of Addition

(i) Commutative z, + 2. =z, + z,

(i) Associative (z, + z;) + z, = + (2. + z,)
(iii) Additive Identityz+0=2z=0+z

Here, 0 is additive identity.

2. Subtraction of Complex Numbers

Let z, = (x. + iy.) and z. = (X. + iy-) be any two complex numbers, then their difference is defined as
z-2= (Xt iys) = (X +1y2)

= (= X) +i(y: - )

3. Multiplication of Complex Numbers
Let z, = (x. + iy)) and z. = (x. + iy.) be any two complex numbers, then their multiplication is defined as
2.2, = (Xo + 1Y) (Xz + iy2) = (XoXo — YiY2) + i(Xy: + XaY1)

Properties of Multiplication
(i) Commutative 2.z, = z,z,
(ii) Associative (z: z;) z: = z:(z. z5)



(iii) Multiplicative Identity ze 1 =z=1+z2
Here, 1 is multiplicative identity of an element z.

(iv) Multiplicative Inverse Every non-zero complex number z there exists a complex number z, suchthatz.z, =1=2z,+z

(v) Distributive Law
@) z(z. + z) = 2.z, + 2.z, (left distribution)
(b) (z. + z5)z, = 2.z, + z:z: (right distribution)

4. Division of Complex Numbers

Let z, = x, + iy: and z. = X, + iy, be any two complex numbers, then their division is defined as
z (% +in)

_ (mxy + yyy5) + iy — %Ys)

5 .2
X3 + Y5

where z, # 0.
Conjugate of a Complex Number
If z = x + iy is a complex number, then conjugate of z is denoted by z

ie,z=x-iy

Properties of Conjugate



@) @)=z
(1) z + Z < z is purely real
(iil) z — Z & z is purely imaginary

(iv) Re(z)=z;§

z—-z

(v) Im(z) =

) E =y s
(Vll) 21—22=21—22
(Viii) 21‘22=§l'§2

(ix) (i‘-] -

Z3

() 2, 2, £ 2, 2, = 2Re(Z; 25) = 2Re(z, 2,)
(xi) ()" =(2")
(xii) If z= f (2,), then Z = f (z})

G G G @ a, a
i) Ifz=|% b, b | thenz=|b b, b
q ¢ G G G G

where a; ,b;, ¢; ;(i =1,2, 3) are complex numbers.

(xiv) 2 Z = {Re (2)}* + {Im (2)}®

Modulus of a Complex Number
If z=x +1y, , then modulus or magnitude of z is denoted by |z| and is given by

|z| = x2 + y2
It represents a distance of z from origin.

In the set of complex number C, the order relation is not defined i.e., z,:> z, or z; <z has no meaning but |z.[>|z,| or |z.|< | z. | has
got its meaning, since |z| and |z.| are real numbers.

Properties of Modulus



Mlzl=z0
(ii) If| z| = 0, thenz =0 1.e., Re(z)=0=Im(2)
(iii) =z |< Re(z)<|z| and =] z|<Im (z)<z]|

(iv) [z] =1 2] =|- 2| =] - 2|
) 2z =|z|*
(Vi)'2122‘=,21“22,
In general
| 2,2923.. 2, | =]zl 2311 231...1 2,1
win 124 =122 rovided 2,2 0
Zg| 122

(viil) |2, £ 251 €| 2, + 24l
In general
|z, 2252 % otz sl z ]+l zgl Hlzl + o+ 2,
(iX)|21i22|2|21|—|32|
x) 2" =|z|" .
(xi) ||z, =1 zgll |2 + 251 <12y +|2] greatest possible v_alue of
|z, + 24 is| 2| +| 2;| and least possible value of | z; + 25| 18

1zl =124l
(xii) | 2y + 2512 = (2, + 22) (2, + Z5)
=z, 12,2 + 2122+ 207
=|z,1? +1z41* + 2 Re(z, Z,)
=122 +12y1% + 2| 21| 221 cos (8 —62)
(xiii) |z = 22|2 =(z; — 29)(Z, — 2)
=1z +129* = (2,2 + Z122)
=]z 1% +12,1* - 2Re(2, 2;)
=1z)® +1 25l 22|z |2y cos (8 —8,)
(xiv) 2,25 + 2,25 = 2| 2| 25| cos (8, — 8,)
(V) |2, + 25] 2412 —24l* = 2{1 2% +124%}

(xvi) | 2, + 21% =1z 1° +1 2 & :—‘ is purely imaginary.
2
2
(xvii) | az, — b2,| Z41bzy + az,|* =(a®+ b3)(121% +1251%)
where a, be R.
(xviii) z is unimodulus, if |1z]=1

Reciprocal/Multiplicative Inverse of a Complex Number
Let z = x + iy be a non-zero complex number, then



: 1 1 1 x—1i
zl:—z —= - X y
zZ x+wy x+tiy Xx-—1uy
_x—-1y
=
Jc‘+y‘Z
X U=-y)
— + -

W W 5744
Ly Pyt

Here, z+ is called multiplicative inverse of z.

Argument of a Complex Number

Any complex number z=x+iy can be represented geometrically by a point (x, y) in a plane, called Argand plane or
Gaussian plane. The angle made by the line joining point z to the origin, with the x-axis is called argument of that complex
number. It is denoted by the symbol arg (z) or amp (2).

y
@
& Z (x+1y)
§ 1P (x y)
= 1Y
E 0 | ;
of X M Real axis

Argument (z) = 0 = tan*(y/X)
Argument of z is not unique, general value of the argument of z is 2nm + 6. But arg (0) is not defined.

A purely real number is represented by a point on x-axis.

A purely imaginary number is represented by a point on y-axis.

There exists a one-one correspondence between the points of the plane and the members of the set C of all complex numbers.
The length of the line segment OP is called the modulus of z and is denoted by |z].

i.e., length of OP = Vx + y=.
Principal Value of Argument

The value of the argument which lies in the interval (- &, ] is called principal value of argument.

(i) Ifx>0andy >0, thenarg (z)=0

(i1) If x <0 and y> 0, then arg (z) == -0

(iii) If x<0and y <0, then arg (z) = — (= — 0)
(iv) If x>0andy <0, then arg (z) = -6

Properties of Argument



(1) arg (2)= - arg(2)
(i) arg(z,2,) = arg(z,)+ arg(zy)+ 2kn (k=0,10r- 1)
In general, '
arg (2z,2;... 2, ) = arg () + arg (2,) + arg(z;)
+..+arg(z,)+2kn(k=0,1or-1)
d

(iil) arg (z—) = arg(z;)—arg(z,) + 2kx(k=0,1or=~-1)
2

(iv) arg (z,2,) = arg(z) - arg(z,)
(v) arg(g)= 2arg(z)+2kn (k=0,10r-1)

(vi) arg(z")=n arg (2)+ 2kn (k=0,10r-1)

(vi1) Ifarg{z—z]--o, then arg(i’—)= 2kn -0, ke I
2 23
(viii) If arg (2) = 0 = z is real

. o — n,ifarg (2)>0
(ix) arg (2) — arg ( z)‘{-x,if arg (2)<0

(x) If' z] + zzl =lzl SR 22', then

(k]

asu'g[—:-l = arg(z) - arg ()=
2
(xi) If| 2, + 25 =1 2| +12,|, then arg(z,) = arg (z,)

(xi1) If|z-1|=|z+ 1], then arg(z)=:t§

(xii1) If arg (z—t—l) = -E. then(2)=1
z+1 2

(xiv) If arg (_z_-!-_:) = % then z lies on circle of radius nnity and centre
2 -
at origin.
(xv) (@) If z=1 + cos® + i sin 6, then
arg(z)= % and|z|=2 cos%

(b) If2=1+ cos8— i sin 6, then

0 0
=——and|z|=2cos —

arg (2) g an | 2| 2
(©) Ifz=1-cus0+isin6, then

. 8
arg(z)=-’25-%andlzl=23m-é

(d) Ifz=1-cos8 - isin®, then

arg (z)=_£—~9—andlz|=\/§(cosg+ising)
4 2 2 2
(xvi) If]z|<1,]zy <1, then
(@) | 2, — 2)* < (1 25| =] 29| ) + [arg (2,) — arg(z,)]?

() |2, + 2?2 (1 2] +125))* - [arg(z;) — arg(z,))



Square Root of a Complex Number
If z=x+ iy, then

\f’;: Vl’lx + i\' == _\ﬂ_ZI'T—l 4 Lizl__x
. . >

“ &

,for y> 0

|l'lzl+x

V2 i

zl-x|
|——— |, for y< 0
2

Polar Form

If z=x+ iy is a complex number, then z can be written as

z=z| (cos O +isin B) where, 6 = arg (z)

this is called polar form.

If the general value of the argument is 0, then the polar form of z is
z=|z| [cos (2nm + B) + i sin (2n7t + B)], where n is an integer.

Eulerian Form of a Complex Number

If z=x + iy is a complex number, then it can be written as

z =re°, where

r=|z| and © =arg(z)

This is called Eulerian form and e®= cosB + i sinB and e® = cos® — i sinB.

De-Moivre’s Theorem

A simplest formula for calculating powers of complex number known as De-Moivre’s theorem.

If n € | (set of integers), then (cosB + i sinB)" = cos nB +i sin nO and if n € Q (set of rational numbers), then cos nB + i sin nB is
one of the values of (cos 0 + i sin 6)".



5 S ¢ IX :
(1) If P i1s a rational number, then
q

(cos® + i sin@)*'? = (cos Lgi-tetn _39)

q q

(1) ———— =(cos® - i sinB)"
cosB+ 7 sinf
(iii) More generally, for a complex number z = r(cos® + i sin®) = re®
2" =r"(cos® + { sin9)"

=r"(cos n® + i sin n®) =r"e"®

(iv) (sin® + i cos 9)" = [cos(n‘—z’t - n.O] + 1 8In (n—; - nB”
(v) (cos®, + isinB,)(cosB, + isinB,)... (cosB, +isinb, )

=cos(@, +0,+...+0, )+isin(® +0,+...+8, )
(vi) (sin® + icosB)" # sinnb £ i cos nd

(vil) (cos © + I sin §)" # cos nO + i sin no

Important Identities
(i) x> +x+1={x ~0)x - o)
(i) x? -x +1=(x + ®)(x + &)
(i) x° + Xy + y} =(x — yw)(x - yu);)
(iv) x? — Xy + y’ =[x + wy)(x + ym’)

(v) x’

Fy? =(x +iy)x —iy)
(vi) x° + y" ={x + ylx + yw)x + ym"]
(vii) x* —y* =(x — y)x - yaw)ix - yo’)
(viii) x* + y* + 2 —xy —yz — 2 = (X + y© + z@)(x + yo© + za)
or (¥ + ¥ + 230’ + yw + 2)
or (xo+y + z07)(x? + y + zw)

(ix) X+ }’5 +z 3xyz =(x +y + 2)(x + wy -Hu;z}(x + (y)"y + @2)



Complex Numbers PRACTICE QUESTIONS.

Exercise 1

Q1l:

{5”[——4}
Express the given complex number in the form a + ib:

Answer :

{5;][_—;;} =-5 x%xjxf
=3
= -3(-1) [t =-1]
=3

Q2

Express the given complex number in the form a +ib: i°+i*

Answer :

+i Rk e 2] =dmd+3
il =i S

Q3:

Express the given complex number in the form a +ib: i®

Answer :



Q4.

Express the given complex number in the form a +ib: 3(7 +i7) +i(7 +i7)

Answer :

3(T+iT)+i(T+iT)=21421i+7i+7i°
=21+28i+7x(-1) [ ==1]
=14+28i

Q5:

Express the given complex number in the form a +ib: (1 -i) - (-1 +i6)

Answer :

(1=i)=(-1+i6)=1-i+1-6i
=2-Ti

Q6 :

l+f£)—(4+f£)
5 5 2

Express the given complex number in the form a + ib: (

Answer :



A
—+i— |- 4+i=
5 35 2

2
—l-l-:!:—f-‘-—éf
5 5 2

Q7

|:( I
Express the given complex number in the form a + ib: 3
Answer :

(33 {e-t]H3

:%+lf+4+—i+i—f

Q8:

Express the given complex number in the form a +ib: (1 -i)*

Answer :



Q9:

Express the given complex number in the form a + ib: (

Answer :

(1) (3] s (oo 3]

_ 1 +2?:’3+3i[]+3f]
27 3

:%1-2?{—:')-4-5-}-915: [t =-i]
=%—2?:+5—9 [i*=-1]
=[2'_?_@]+;[_27+1)
_242

27

Q10:

3
Express the given complex number in the form a + ib:

Answer :



- 2‘+(i] +3(2}[§][2+1J]
=— s+i+2;‘[z+iﬂ
27 3
[P 27
=—f——?+m+7;} [i=—q
[ i . 2 2
=— 3—§+4:——] [ =—1]
__[22 107
L3 27
_22_107
30027

Q11:

Find the multiplicative inverse of the complex number 4 - 3i

Answer :

Letz=4-3i

Then, E:4+gam|4;:4}+{_H_=16+9:25

Therefore, the multiplicative inverse of 4 -3i is given by

LT 443 4 3

= =

.

=— i
. 25 25 25

I

Q12:

Find the multiplicative inverse of the complex number "E +3i

Answer :

5+3i

Letz=

Then, = =53 -3/ and | =(V5) +3' =5+9=14



Therefore, the multiplicative inverse of “'E +3i is given by

2 _N5-3i_ 5 ki

2 14 14 14

Q13:

Find the multiplicative inverse of the complex number -i

Answer :

Letz =-i
Then,z =i and |z[ =1 =1

Therefore, the multiplicative inverse of a€“i is given by

Ql4:

Express the following expression in the form of a + ib.
(3+145)(3-145)

(V5 2)-(V-142)

Answer :



(3+43)(3-45)
(V3++2i)-(V3-iv2)
(3) - (iV5)

D a2i-3+2i

_9-5/
22

9-5(- :
:% [ =-1]
—9+5x£
2J2i i
14
NG
1
- 2J2(-1)
ST N2
22
2
2

[[a+b}[a—b}:a3 —.!J:]

Exercise 2
Q1l:

Find the modulus and the argument of the complex number z=-1- "‘4@

Answer :
z=-1-i3
Let reosB=—1and rsing =—-Jr§

On squaring and adding, we obtain



2

l[:|~.;:m;l5,l]2 +|:r:-:inE|}3 =(—I]: -I-[—ﬁ)_

= 1‘3(C05: B +sin’ B] =1+3

— ' =4 [cos’ﬂ+sin"{:1:1]
—r=4=2 | Conventionally. r> 0]
s Modulus =2

- 2cosfO=—1and 2sinf=—3

2

= cosb :_—I and sinf =

Since both the values of sin 6and cos 6 are negative and sin6 and cos6 are negative in Il quadrant,

_"
Argument = — [ T — E] _ T
3 3

2

—1-4/3i

Thus, the modulus and argument of the complex number are2and 3 respectively.

Q2:

Find the modulus and the argument of the complex number < = _“-E'H

Answer :

z=—~.|'§+f

Let recos@ =—+3 and rsinf =1

On squaring and adding, we obtain

r cost @+risint @ = [—ﬁ) +1°

= =3+1=4 [cnsjﬂ+sinjﬂzl}
= r=A1=2 [Conventionally. r > 0]
S Modulus =2

. 2cosf =—+3 and 2sind =1

=% D
= cost =

anid .‘_-;int5'=l
2

n_ Sn

6 6

LO=m— [As @ lies in the 1T quadrant |



Sm

Thus, the modulus and argument of the complex number _“IE T1are2and 6 respectively.

Q3:

Convert the given complex number in polar form: 1 - i

Answer :
1-i
Letrcos@=1andrsin 6=-1

On squaring and adding, we obtain

#¥ cos” B+ sin 0 =1 +(—1)’

= (ms;J E+sin1!‘5‘] =1+1

= =2

=r=+2 [ Conventionally. r > 0]

-.Ecusf?zl and \Es-inﬂ': -1

1 . |
= cosfd =—— and sinf =~

J2 2

nO=—= [As @ lies in the IV quadrant ]

¢
S A=i=rcos@+irsind = -.,EmaL—j]Hﬁsin[—Z]

1
=
1
o
-]
o
~
|

( n . b
. +isin| — |
4 4 This is the

required polar form.

Q4.

Convert the given complex number in polar form: -1 +i

Answer :
-1+
Letrcos@=-1landrsin6=1

On squaring and adding, we obtain



P cos’ B+r sin’ @ = (1) +1°

::-r:(uusjfi‘+sin" ]=I+I

= p =2
= r=+2 [ Conventionally. > 0]
ﬁ-:nﬁf?:—] and \Eﬁin6‘= l

I |
= cosfl=———= and sinfl=——=

2 2

3 .

.‘.ﬂ:n—zzf [As @ lies in the 11 quadrant |

It can be written,
) in . 3w ( 3m . 3m)
—l+i=rcos@+irsingd=+2 ::usTHﬁ smT = ﬁ| WSTHH"TJ
. L . _

This is the required polar form.

Q5:

Convert the given complex number in polar form: -1 - i

Answer :
-1-i
Letrcos 6=-1and rsin 6 =-1 On

squaring and adding, we obtain
rieos’ @+ sin’ @ =(—1) +(-1)

= [cus: E+Sil1:5} =1+1

=r'=2
=r=42 [Conventionally, r > 0]
ﬁcosﬁ‘z—l and ﬁsinﬂ ==]
| |
= cosfl=-— and sinf=-—
J2 NE]

E —(K—E}?B’T’T [As 6 lies in the 11l quadrant]



S=l—i=rcosf+irsind = ’J_COST—FF‘&'F_SM

required polar form.

Q6:

Convert the given complex number in polar form: -3

Answer :
-3
Letrcos@=-3andrsin6=0

On squaring and adding, we obtain

r? cos’ @+r7 sin® 6 =(-3)

=% (t:m;: A +sin” 9) =9

= =9

—=r=9=3 [Conventionally. r > 0]
" 3cosé =3 and 3sind =0

= cosf =—1and sin@ =10
SB=m

ad

—3=rcosf+irsind =3cosn +Bsin® =3 (cosw +isin )

This is the required polar form.

Q7

Convert the given complex number in polar form:

Answer :

J3+i

Let rcos 6 = "'ﬁ andrsin6=1

On squaring and adding, we obtain

J3+i

3
cns—+rsm—
4

] This is the



*

r? cos® @+ sin’ @ =[J§f +1
= r*(cos® O+sin’ ) =3+1
=r'=4

= r=+4=2 [Conventionally, r > 0]

S 2eosd = \E and 2siné =1

::acr:rséiz—j and sinr:’f:%

0= [As @ lies in the I quadrant|

3+i=rcos@+irsing = 2c05£+r’25in£= 2 ';:-:-::Eﬂ'sinE
[ [ [ O

This is the required polar form.

Q8:

Convert the given complex number in polar form: i

Answer :
i
Letrcos@=0andrsin6=1
On squaring and adding, we obtain
ricos’ @+r'sin’ @ =0 +1°
= (cus: # +sin’ ﬂ) =1
= =]
=r=yl=1 [ Conventionally, r > 0]

Soeosd=0and sin@? =1

e="
2

. C T .. T
Si=reosf4irsing =cos— +isin—

This is the required polar form.

Exercise 3



Ql:

Solve the equation x*+3 =0

Answer :

The given quadratic equation is x*+ 3 =0

On comparing the given equation with ax*+ bx + ¢ = 0, we obtain

a=1b=0,andc=3
Therefore, the discriminant of the given equation is
D =Db?-4ac=0?%, -4 x 1 x 3 =-12 Therefore, the

required solutions are

—b+\D _ =12 +12i [\f—_l=f}

2a 2l 2

; ‘tzxﬁi' =+1,."§;'
—2 +

Q2

Solve the equation 2x*+x +1=0

Answer :

The given quadratic equation is 2x*+ x +1 =0

On comparing the given equation with ax?+ bx + ¢ = 0, we obtain

a=2,b=1andc=1

Therefore, the discriminant of the given equation is
D=b*-4ac=1%>-4x2x1=1-8=-7 Therefore,
the required solutions are

bD —1+VET —1247

2a 2x2 4

Q3:

Solve the equation x*+ 3x +9=0

Answer :

The given quadratic equation is x*+ 3x +9 =0



On comparing the given equation with ax®+ bx + ¢ = 0, we obtain
a=1,b=3,andc=9
Therefore, the discriminant of the given equation is
D="b-4ac=3-4x1x9=9-36=-27
Therefore, the required solutions are
—b+aD  =3+4/-27 3433 —3+33i
2 2() 22

Q4.

Solve the equation -x*+x-2=0

Answer :

The given quadratic equation is -x*+ x -2 =0

On comparing the given equation with ax?+ bx + ¢ = 0, we obtain
a=-1,b=1,andc=-2

Therefore, the discriminant of the given equation is

D =b*- 4ac = 1* -4 x (-1) x (-2) = 1 -8 = -7 Therefore, the
required solutions are

b+D 14377 1247 }LT:;]

2a Ex{—l} -3 L

Q5:

Solve the equation x*+ 3x +5=0

Answer :

The given quadratic equation is x*+ 3x +5=0

On comparing the given equation with ax®+ bx + ¢ = 0, we obtain
a=1,b=3,andc=5

Therefore, the discriminant of the given equation is
D="b-4ac =3-4x1x5=9-20=-11

Therefore, the required solutions are



—b+D 311 -3:11i V=]

2a 2= 2 -

Q6 :

Solve the equation x*-x +2 =0

Answer :

The given quadratic equation is xX*-x + 2 =0

On comparing the given equation with ax®+ bx + ¢ = 0, we obtain
a=1,b=-1,andc=2

Therefore, the discriminant of the given equation is

D =b?-4ac = (-1)*-4 x 1 x 2 =1 - 8 = -7 Therefore, the

required solutions are

—bi\f’ﬁ:—(—l]i‘ﬁzli:ﬁf .\u’——I:JJ

2a 21 2 -

Q7:

2
Solve the equation Vx4 x+2=0

Answer :

2
The given quadratic equation is V2x +x 44220
On comparing the given equation with ax?+ bx + ¢ = 0, we obtain
a:"'E,b=1,andc=""E
Therefore, the discriminant of the given equation is
D=b?-4ac=12- 4"*453‘“5:1-8:-7

Therefore, the required solutions are

—b+D  —1+J=T -1 [VT=1]

2a - EX\E Q,‘JE L

Q8:



Solve the equation ﬁ.r: _"«E-’f +3~.E =0

Answer :
The given quadratic equation is ﬁ'rh _ﬁx + 3“5 =0

On comparing the given equation with ax*+ bx + ¢ = 0, we obtain
azﬁ,bz_ﬁ,andczg'ﬁ

Therefore, the discriminant of the given equation is
(—v2) ~4(3)(3v3)=2-36=-34
Therefore, the required solutions are

—bi\fﬁ:‘(‘ﬁ]im_-ﬁi@f H_—Izq

D =b?-4ac =

2a Zx\ﬁ Z\E

Q9:
Zex+ ! 0
XK 4+X4+—=
Solve the equation "*'E
Answer :

1
X +x+—=0

J2

T
This equation can also be written as V2xT +42x+1=0

The given quadratic equation is

On comparing this equation with ax®+ bx + ¢ = 0, we obtain

a:'“E,b:'“E,andczl
. Discriminant (D)=b’ —4ac=(ﬁr —ax(V2)x1=2-42

Therefore, the required solutions are



b:VD 2y 2-alz V2 2(1-242)
a 2x:2 N 22

-\Eiﬁ(xh\ﬁq)i

-]

Q10:
2 X
Solve the equation 2
Answer :
2 X
The given quadratic equation is 2

This equation can also be written as Vax' +x+42=0

On comparing this equation with ax®+ bx + ¢ = 0, we obtain
a:“"E,b=l,andc=""IE

- Discriminant (D)= 5" —dac = 1" —4x2xy/2=1-8=-7
Therefore, the required solutions are

—b+D  —1+N-T 1270 [ﬂ:;‘]

2a 22 22

Exercise Miscellaneous

Ql:

Evaluate:

Answer :



. —_I+:_.::|’.

=[-1-i]

N

=—[1" +i +3-1 -:'[I+:'}:|

=—[1+Jf't +3;‘+3;‘3]
=—[1-i+3i-3]
=—[-2+2i]
=2-2i

Q2
For any two complex numbers z,and z,, prove that

Re (z.z;) = Re z,Re z,- Im z,Im z,

Answer :



Letz, =x, +iv, and z, = x, + iy,

sz, = +iv ) (x +iny)

x (2, +ivy ) +iv, (x, + i)

XX, HIX Y, H v, +Hi 2_1,’] ¥,
= XX, +IX, Y, + VX, — V), [:'3 = —I]
- {xl":z = Wpy) i (., + .Vrrz}

= Re{zlzz}: XX =V,

= Re{zlzz}: Rez Rez, —~Imz Imz,

Hence. proved.

Q3:

( 12 ](3—4;‘]
Reduce I=4i 1+i 5+i to the standard form.

Answer :

( 2 ][3—4;]_ (1+i)-2(1-4i) [3_4;]
I—4i 1+i/\ 5+i (1-4i)(1+7) |L5+i

:|: | +i—-2+8 }[3-4;’}:|:-I+9;'M3—4:‘]
l+i—4i—4i° || 5+i 5-3i || 5+i
—34+4i+27i-36i" | 33+31i 3343l

25 +5i —15i - 3" 28-10i  2(14-5i)

33430l 14+ 5
— (33+31) y[ /) [Dn multiplying numerator and denominator by (14 + :'u'}]

S 2(14-5i) (14+50)
46241651 + 434 + 155" 307 +599i
o2y -] 2(196-257)
_307+599i _307+599i _307 599
2(221) 442 442 442

This 15 the required standard form.

Q4:



a—ib > a’+b’

: XAy ) =
If x a€“iy = V&~ id prove that ( ) ¢ +d”
Answer :
a—=ib c+1d . . :
= — X —— [Dn multiplying numerator and deno min ator by {c+|d]]
c—id c+id
_J{ax;+bd]+i[ad—bc)
CE +d1
, +bd)+i1{ad—b
cx-iy) = (ac 1 1[? °)
¢ +d”
s 1 ac+bd)+i(ad-be
=>X'—}"—2H{}"=[ 1 { )
o +d°
On comparing real and imaginary parts, we obtain
Kz_r:=3f+hij‘_2,l.=a?_b? [|}
¢ +d° ¢ +d°

(3 +5) =(oy ) oy

(5] e
_a’c’ +b’d” +2acbd +a’d’ +b'c” —2adbe
) [:c:+d2]:
~a'c’ +b’d* +a’d? +bc’
) (c*+d?)
a*(c’ +d7)+ b (¢ +d7)
R (c3+d:]:
- (c" +d3)(a" +I::-3]
B (¢’ +d2):
_a+b’

¢’ +d°
Hence, proved.

Q5:



Convert the following in the polar form:

47 43

0) {2—;} (i) 1-2i

Answer :
1+ 7i
&€= 1
(i) Here, {E_E}
1+7i 1+7i 1+7i

(2-i) A+ -4 4-1-4i

_ 1470 3+4i  3+4i+21i+287°

34 3440 37 4 4
_3+4i+21i-28  -25+25i
344 25
=—1+i

Letrcos@=-landrsin 8=10n

squaring and adding, we obtain

r’(cos’6 +sin’6) =1+ 1

=r?(cos’6 +sin’6) = 2

=>r=2 [cos?O + sin*6 = 1]

—r=42 [Conventionally, » > 0]
~A2cos@=—1and 2sind =1

. 1
= cosf =—= and sinf = —
J2 2
E n—%:%ﬂ: [As 6 lies in Il quadrant]

~Z=rcos@+irsinb
It . am im .. 3m
=N':CGS—+I‘\|'IESLI'I—=\"E CoOsS—+is5In—
4 4 4 4

This is the required polar form.
14 3i
==

(ii) Here, C1-2i




130 1+ 20
T1-2i 1+2i
_1+2i+3i-6
T 144
_ =5+45i

—14i

Letrcos6=-1andrsin6=10n
squaring and adding, we obtain

r’(cos’0+sin’6) =1+ 1
=r’(cos’0 + sin’6) = 2

>r2=2 [cos?6 + sin?6 = 1]
— =2 [Conventionally, r > 0]
~v2cosf=—1and 2sinf =1

-1 . |

= cost =—= and sind = —
J2 J2

Sl === [As- & lies in 11 quadranl]
4 4

~z=rcos@+irsinf

3 . 3 . 3
=¢Ecos?+f~ﬁsm%= mﬁ[cosfﬂsm ;J

This is the required polar form.

Q6 :

5
3x° —4.r+?={"}

Solve the equation

Answer :

5
3x° —4.r+§:{}

The given quadratic equation is

This equation can also be written as 9x" ~12x+20=0
On comparing this equation with ax*+ bx + ¢ = 0, we obtain
a=9,b=-12,andc =20

Therefore, the discriminant of the given equation is

D =b?- 4ac = (-12)*- 4 x 9 x 20 = 144 - 720 = -576



Q7:
Solve the equation X~ — 2x+5 =10

Answer :

¥ =2x+ E =1
The given quadratic equation is 2
This equation can also be written as 2x" —4x+3=0
On comparing this equation with ax®+ bx + ¢ = 0, we obtain
a=2,b=4a€4,andc=3
Therefore, the discriminant of the given equation is
D =b?-4ac = (-4)>- 4 x 2 x 3 =16 - 24 = -8 Therefore, the

required solutions are

—b4\D (48 4422 f=m

2a w2 4 L
220 _ V2

T T

Q8:

Solve the equation 27x*- 10x +1 =0

Answer :

The given quadratic equation is 27x*- 10x + 1 =0

On comparing the given equation with ax®+ bx + ¢ = 0, we obtain
a=27,b=-10,andc=1

Therefore, the discriminant of the given equation is

D =b’- 4ac = (-10)’- 4 x 27 x 1 = 100 - 108 = -8



Q9.

Solve the equation 21x*- 28x + 10 =0

Answer :

The given quadratic equation is 21x*- 28x + 10 =0

On comparing the given equation with ax*+ bx + ¢ = 0, we obtain
a=21,b=-28,andc=10

Therefore, the discriminant of the given equation is

D = b?- 4ac = (-28)*- 4 x 21 x 10 = 784 - 840 = -56

Therefore, the required solutions are

—b£D _—(-28)£V-56 28+/56i

2a 2x21 42
282414028 V142 V14,
42 42 42 3 21
Q10:
z|+13+1
¢ 2= 20k 2=l g |22 ]

Answer :



7z, =2-1,z,=1+i
(2-i)+(1+i)+1]
(2-i)=(1+i)+1]

_z,+z:+l|_

lz, —23+I|

4 ]| 4 |
2-2i [2(1-1)|
2 ><1+i|:|21£|+£}|
=i 1+i| | 1P -i

W e
2(1+i)

—|l+i]=VP+P =2

+z,+1f .
Thus, the value of |22 is /2,
z,—z,+1
Q11:
2 +2z,+1

z, =z, +1

z, =2-i, z, =1+i, ind

If

Answer :



r =2=F ::=I+f'

NERE +||=|{2—f]+{l+r')+l|
-z +1| |(2-i)=(1+i)+1]

[I+i=vF +F =42

Z+z,+1

is /2.

Thus, the value of

F=Fnapl

Q12:

[:rc+i}3

3
lfa+ib= 2% +1 , prove that a’+ b2 =

Answer :
(x+i]:

2x° +1

CXT i+ 2
S 2x7+]
X -1+i2x
24l

-1 . 2x ]
= bl +I ]
2x°+1 2x°+1

On comparing real and imaginary parts, we obtain

a+ib=




X_,_I and b= E,H
2x° +1 257 +1

2 3 X =1 : [ 2x ]'
sat+b = . + .
237 +1 23 +1

_ X1 =250 Ay
(2x+1)’

_ 257

(2x +1)

(s 1)

(27 +1)

(;-:‘°+I]2

(27 +1)

sa+b =

Hence, proved.

Q13:

Let 2=271 2, =241
Re[ z'_zl ] lm[L_J

(I) z'] , (“) IIZI

Answer :
2z, =2-i, 2, ==2+i

o 8% =(2-0)(2+1) =442+ 2 ~i" =4+ di~(-1) =-3+4i

Z =2+i

74z,  —3+4i

Z 2+i
On multiplying numerator and denominator by (2 &€* i), we obtain
zz, (3+4i)(2-1) —6+3i+8i-4i° -6+11i-4(-1)
zZ  (2+i)(2-i) 2%+ 2% +1?
2+11 2 11,
= =—+—I
5 5 5




On comparing real parts, we obtain

1 i _ I
(ii)z‘E' (2-i)(2+1) (2 +(1)° 5

On comparing imaginary parts, we obtain
1
Im — |= 0
4

Q14 :

142§

Find the modulus and argument of the complex number 1=3i

Answer :
1+2i
==

Let =3 , then

I+2£><1+3:'_l+3f'+2f+653_1+5r’+6{—]]
1 -3 1+43i 1°+3° 1+9
—5+5 -5 5 -1 1.
= =—+—=—+4+—1
10 1 10 2 2
Letz =rcosé +irsind

- —
= =

) -1 .
Le.rcostd = e and rsiné =

g | =

On squaring and adding, we obtain

P {L‘USE # +sin’ 9) = [ ;1 ] + [ J, ]

O
= =—t—=
4 4
I

3| —

Sr=—r [Conventionally, r > 0]
2



| -1 1 ]
S —=c0sf! =— and —=sinf! =—
2 2 N 2

= ccrs&:_—] and sin{v\‘:L

N2 V2

n6=mn —% = ? [As  lies in the II quadrant]
1 3n

T ﬂﬂd ?
Therefore, the modulus and argument of the given complex number are 2 respectively.

Q15

Find the real numbers x and y if (x - iy) (3 + 5i) is the conjugate of -6 - 24i.

Answer :

Lo 2= (x=1v)(3+5i)

z=3x4+5xi—3vi—5vit =3x+5xi-3yi+5y= (3x+5y)+i(5x=3y)
ST =(3x45y)—i(5x-3y)

Itis given that, Z = —0— 24
S (3x+5y)—i(Sx—3y)=—6-24i
Equating real and imaginary parts, we obtain
3x+5y=—6 (i)
5x—3y=24 ... (ii)

Multiplying equation (i) by 3 and equation (ii) by 5 and then adding them, we obtain
9x+15y =18

25x =15y =120
34x =102
SoX =% =3
Putting the value of x in equation (i), we obtain
3(3)+5y=-6
—5p=—6-9=-15
= y=-3

Thus, the values of x and y are 3 and &€“3 respectively.



Q16
1+i 1-=i

Find the modulus of 1—§ 1+i

Answer :
i 1-i (1+i) —(1-1)
I—i 1+i  (1=i)(1+§)
4P 21 420
I +1°

4

1+i 1-i

=i 1+7§

=|2i|=+2* =2

Q17:

u o s 3
—+—:4(_1r:‘ —_}r‘)
If (x +iy)* = u +iv, then show that *
Answer :
Rt .
(x+iv) =u+iv
k] . k] a “ a
=x +(iy) +3-x-i(x+iv)=u+iv
=X iy #3430 = usiv
= x -0 3y -30 =ut v
= [x] ~3xy’ }+ f(3I'3J?—J"1 ) =u+ v

On equating real and imaginary parts, we obtain



w=x —3x°, v=3x"y—

cu v x =3xn’ . Ity -y

x oy x ¥
2 a2 12
:x(x 3 ]+y[3x y)
x ¥
=x =3y 43" -7
:41'1—43;:

= 4[.\::’ —‘1»'3)

KV _ 2 _ 2
”x+y 4(x _}.)

Hence, proved.

Q18:

P-—a
1—afp

If a and AZA? are different complex numbers with |ﬁ| =1, then find

Answer :

Leta=a+iband AZA2=x +iy

It is given that, ||3| =

x4y =1

=x +y =1 (1)



(x+i}=)—[a+ib}|

I—[a—ib]{x+iy)|

(s-a)+i(y-b) |

1-(ax +aiy —ibx + b}-‘]|

(x—a)+i(y-b) |
{I—ax—by}+j[hx—a}-']|
_lx-a)+i(y-b) [
|{l—ax—b}-'}+i[h:{—a}-']|

_ Jx-a) +(y-b)
J(1=ax—by)* + (bx—ay)’

sz +a’ —2ax + y* + b’ - 2by

R Jl+a°x £ b7y? - 2ax + 2abxy — 2by + b’x” +a’y? — 2abxy

\/(.\'3 +f)+ a’+b* - 2ax - 2by
B \{rl +:;12(3':j +}"’)+ b"'(;-f'3 + x")—zax—lb}'

1+’ +b* —2ax - 2by
J1+a® +b’ = 2ax - 2by
=1

[Using (1)]

| B-a
l1-ap

Q19:
=i =2

Find the number of non-zero integral solutions ofthe equation

Answer :



Thus, 0 is the only integral solution of the given equation. Therefore, the number of non-zero integral solutions of the
given equation is 0.

Q20:
If (@ + ib) (c +id) (e + if) (g + ih) = A + iB, then show that

(a2+ bZ) (C2+ dZ) (eZ+ fZ) (gZ+ hZ) = A2+ BZ.

Answer :

(a+ib)(c+id)(e+if )(g+ih)=A+iB
Na+ib)(e+id)(e+if )(g+ih) = |A+iB|

= ((a+ib)|x|(c+id)|x (e +if ) x|[(g +ih) =|A+iB]| (|72 =l2]|=]
=@ +0 ) +d* x & + 1 xJgt + I = AT+ B

On squaring both sides, we obtain

(a2+ bZ) (CZ+ d2) (e2+ f2) (g2+ hZ) = A2+ BZ

Hence, proved.

Q21:

(l+;"""_
=i

=]
J , then find the least positive integral value of m.

Answer :



S.m =4k, where k is some integer.

Therefore, the least positive integer is 1.

Thus, the least positive integral value of mis 4 (=4 x 1).
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